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Mixtures of PPCA
Parameters 8, = {W,W,, W, iy, iy, Uz, 01°, 0,2, 03%}

1
T =plk =1)
m, =p(k =2)
m3 = p(k = 3)

0, = {m, 75,3}
] <] ) ]
Z;, = Zi2| €4101,11]1, 0
Zi3 0l (0] [1
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Mixtures of PPCA

_W1

X =pu +Wiy, +ey

Yii~N(i1|0,1)
e;1~N(e;1|0, 0121)

P(xilzik = 1;)’i1;W1»ﬂ1»012 ) = N(x;|Wyyi1 + H1:U121)
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Mixtures of PPCA

1
> X
eI — W
3o s oo, 5
i \5.. o.?..
4 < o ° .'.'\\ ... °
0.5} '.“.c 3. '.:0.:\!-“' .
..::.. «»'% :~ * o ‘\..: _
't‘?‘:'l? il Xi =ty + Wyyiz +ep
:.. .‘0 L X .
£eos
A Yi2~N(¥i2[0,1)
2
ok | ei;~N(e;z[0,0271)
0 0.5 1

P(xi|zi2 = 1:}’i1»W2;ﬂ2;022) = N(x;1 [W,yir + ﬂz»Uzzl)
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Mixtures of PPCA
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A Yi3~N(¥3/0,1)
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p(xilziB = 1»J’i3»W3»ﬂ3»032) = N(x;3|W3y;3 + ps, 03%1)
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Modelling the problem

Graphical model

&t
z; = [Z Yi =1yi1 ¥i2Visl
Zj
0, — . ;
p(z;| 6;) = anzik
(1) Priors k=13 3

p(yll Z;, 92) — Hp(yki)zik — l_IN(ykllo' I)Zik
k=1 k=1
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Modelling the problem

(2) Conditional distribution

3

Zj
p(x;z;,Y;,0,) = nk_lp(xi|zik =1,V Wy, e, 6121
=

N(xix |WYix + By, 0, °T) %k
1

k
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Modelling the problem

(3) Marginal distributions per cluster

p(xilzik = 1' Wk! K, O-KZ) = N(xilﬂlc'Dk)
D, =ww," +5.2I

Exercise: Show that indeed
p(xi|zik = 1' Wk; K, O-KZ) — N(xile' Ky, O-kz)
Tip:

p(x;|zg = 1L, Wy, g, 0,2) = f p(xy, Virlzy = 1, Wy, Uy, 0x2)dYix
Vik
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Modelling the problem

(4) Full marginal distributions:

p(x:l6) = Z p(zi = D p(xilzi = 1,6,)

7T13N(xz|ﬂ1»D1 ) + moN(x; |y, Dy) + m3N(x;|py, D)

= Z e N(x; |y, Dy,)

k=1
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Modelling the problem

(5a) Posteriors on y;;

p(yiklxi'zik =1, Wk; ”kilo-kz’]? )
= N My™ Wy (x; — o), 0 ° M. ™)

M, =W,"W, + ¢,%I
Exercise: Show the above

Tip (use the Bayes rule):

pYVilxi, 2y = 1, Wy, iy, 03*)
_ p(Xi|Vik, Zie = L, Wy, i, 0 DVl Zie = 1)
p(x;|zy, = 1, Wy, g, 03.%)
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Expectation-Step

(5a) Posteriors expectations on y;,

E(yi) = EIN(yu | M~ W, " (x; — ), 0. 2M;. )|
=M, 'W,"(x; — )

E(uyuT) = 012 M +E(Wy ) E@i)T
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Expectation-Step

(1) Posteriors on z;

p(zilx, 0) = PEL 29 _ pailzi, 6 )p(2:|0)
i1 A0 p(x;|0) P(xn|9)

_ TRy NCxil g, D) i Pk
213=1 m; N(x;|Dy, py)

Eza) = ) 7 [17-1 N(xi [, Dy) miem,
)= )
| l Zl3=1nlN(xi|Dl,ﬂl)

Zir=0,1

T[kN(xllﬂ;c;Dk)
> mN(x; |y, D))
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Formulating the EM

Now we have everything we need

to set the joint likelihood:

p(X,Z,YlH) — p(xl:xz:'":xN'zl,ZZ!"'!ZN' Yl'YZJ""YNlH)
= p(xl,xz,"’,xN|Z1,Z2,"‘,ZN, Y11Y21”°'YN1 Hx)

\ )

Conditional probability p(z, z,,---,zy, Y, Y5, -+, YN|0,)

)

Prior probability
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Formulating the EM

P(ZLZz» L Zn, Y, Y, Yngz) = P(Y1» Yy, YN|Z1,Zz» 2y )

P(ZLZZ» -, Zy|0;)

P(Y1; Yy, -, YN|Z1,Z2: "ty ZN )
N

N 3
=| [pilzu6) = | [| [P
1 2 i=1 k=

i 1

> ||

TTT oo ne
[ k=1
N
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Formulating the EM

N

p(x1; X2, lezl,ZZJ 2N, Yl) YZJ B’ YN! Hx) = lp(xilzii Yi' Hx)
JiL=1

N 3

— l ll l N(xilwkyik T Uy, O-KZ)Zik
i=1 k=1
Hence the likelihood becomes:

p(X,Z,Y 9)
N

:l l& lN(xJkalk"‘ﬂx»sz)Z"‘l ll IN(J’ki|O»I)Z”‘
-1

=1 k= 1=
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Formulating the EM

N 3
lnp(X:Z: Y|9) :z Z Zlkln N(xllwkylk + Wy, Oy ) +
=1 k=

N 3
+z z ZiIn N(v;10,1) + z z Zi In 14,

i=1 k=1 =1 k=1

N 3 . T .
:ZZZ”‘ 925 z(xi—ﬂk—wkyik) (xi_ﬂk_wkyik)—EIDZN—Fan

2
=1 k=1 k
N 3 1 N 3
+222ik [__ylk ylk——lI’IZTL'] + E E Zik lnTl:k
i=1k=1 i=1k=1
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Formulating the EM

Taking the expectations:

E[lnp(X,Z,Y|0)]

-2

=1

Mw

1 2 oo T
Elz] _Kkz(“xi_ﬂk” — Elyi] Wy (x5 — pg)

w
I

1

+tr (W, WRE[yikyikT]) — Eln 2m — FIn o]

N 3 N
+ZZE Zlk [__tr(E .Vkalk )——anTEI +22E[Zik] lnnk

i=1 k=1 i=1k=1
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Maximization Step

- o1 E(zy)
K N
" = o1 E(zi) (x; = WiE (vire))
. =
Iiv=1 E(Zik)

[ N [ N
Wi = ; E(zy) (x; — i) E[yir]" ; E(zu) Eyucyi ]

N
E(z; - — E[yu)™Wi " (x; — i) + tr(Wi" Wi E [y yi
leivzlE(Zik); (za) (| 1x; = el ikl Wi (x; — pge) + e (W WeE[yirYire 1))
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Summary

Initialize 6, = (W, W, W3, uy, 1y, U3, 012,052,052}

0, = {my, My, M3}

E-Step:

Elzy] = T N(x; | e, D) D, = WkaT + O'kZI
] =
l Y- TN(x; |, D)

E(yu) =MW" (x; — ) My =W, W, + 0,21

ElyuYik 1 = 0>M;. " "+E¥i)E (v ")
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Summary

M-Step:
Iiv=1 E(zy)
T, = N
0, = i1 E(zi) (x; = WE(yir))
=

Iiv=1E(Zik)

[ N [ N
W, = ; E(zy) (x; — m)E[yir]" ; E(zu) E[yuyuc |

N
1 5 )
F z:Iiv=1 E(Zik) ; (Zlk)d |xl i | | [ylk] k (xl ”k) I‘( k k [ylkylk ]))
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Summary

 In the EM for single PPCA we have only one latent variable per
observation y;

« The EM for mixture PPCA we have a latent vector z; per

sample (i.e., the identity of the cluster) and we have an latent
variable y;;, for each of the elements z;;, of z;.

- We need to compute the expectations E[z;], E Vi), E[ Vi Vik ]
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