Hidden Markov Models (HMM)

Devise algorithms for computing the posteriors on a Markov Chain
with hidden variables (HMM).
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Markov Chains with Discrete Random Variables

@ @ @ ........... _),@

Let’s assume we have dlscrete random variables (e.g., taking 3 discrete

i

Markov Property: p(xt . 1) —P(xt|xt 1)

o[}

Stationary, Homogeneous or Time-Invariant if the distribution p(x;|x;_1)
does not depend on ¢t
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Markov Chains with Discrete Random Variables

T
pCeyxr) = p@) | [pCeelrey)
t=2

What do we need in order to describe the whole procedure?

(1) A probability for the first frame/timestamp etc p(x;). In order to
define the probability we need to define the vector T =

(7T1,7T2,...,7TK) K

o) = | [ e

c=1
(2) A transition probability p(x;|x;_;). In order to define it we need a
KxK transition matrix A = |a;]
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Latent Variables

("{IN(ﬂEZ:Hz)}

[\

A

p(X,Z[9)
— p(xlleJ X1, 21,2, iZTle)

_ 1 T T
(NI, 1)} =| [pexlze 60| [peien
t=1 t=1

Ztq
Zto
Zt3
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Latent Variables in a Markov Chain

1 . (%79 (%2) (B3 mmmm - _ ,f

. T
B bz =pe) | [z
t=2

r(X,Z|0)
— p(lexZJ X1, 21,2y, JZTle)

T T
0.5 = Hp(xt|zt, 0,x)p(z1) HP(Ztlzt—l)
t=1 t=2
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Hidden Markov Models

A casino has two dice (our latent variable is probably the dice © )

17 10

2= {lo) [y 17 [07 107 07 107 [0
One is fair and one is not 8 1{ (0] 10] |Of |O
- - O |1]10] (O} |O
Each die has 6 sides. x={0 dol-lol 1110l 0}
Of (ol (0] [O] |1] |O
04 Lo Lod Lod LOd L1-

(1) Fair die p(x; = 1|z, = 1) == forall j = {1,.., 6}

(2) Loaded die p(x; = 1|z, = 1) = —for j = {1,..,5} and

1
p(x¢ = 6|z; =1) =2 Emission probability

6 ~ndan Stefanos Zafeiriou Adv. Statistical Machine Learning (course 495)



Hidden Markov Models

A casino player switches back & forth between fair and loaded die
once every 20 turns

(e, p(zi1 =121, =1) = p(2¢, = 1|24y, = 1) = 0.05)

0.95 0.05

\_/

0.05
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Hidden Markov Models

Given a string of observations and the above model:
664153216162115234653214356634261655234232315142464156663246

(1) We want to find for a timestamp t the probabilities of each die given
the observations that far.

This process is called Filtering: p(z:|x4, x5, ..., X;)
(2) We want to find for a timestamp t the probabilities of each die given
the whole string.

This process is called Smoothing: p(z;|x¢, x5, ..., X7)
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Hidden Markov Models

(3) Given the observation string find the string of hidden variables that
maximize the posterior.

This process Is called Decoding (Viterbi).

argmaxy, _y, P(V1, Y25 r Vel X1, X2, 0, X¢)

664153216162115234653214356634261655234232315142464156663246
222222222222221111111222222222222221111111111111111111122222222

(4) Find the probability of the model.

This process is called Evaluation

p(x1; x2) ) xT)
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Hidden Markov Models

filtered
e 1 - o g 1 s drvay P F £ e preerm—

MAP state {O=fair,1=loaded)

|

100 150 200 250 300 0 50 100 150 200 250 300
roll number roll number

Filtering Smoothing Decoding

Taken from Machine Learning: A Probabilistic Perspective by K. Murphy
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Hidden Markov Models

(5) Prediction

P(Ziis1xq, X2, -0, X¢) P(Xe 45|21, X2, 0, X¢)

(6) Parameter estimation (Baum-Welch algorithm)
A0
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Hidden Markov Models

filtering ] P(Zt|x1,xz, ""xt)
1
t

Viterbi ] argmaxyl_._ytp(yl, ...,ytlxl, ...,xt)
1
t (Z,os5|x(, x X;)

prediction ] P\Zt151X1, X2, -, X
ﬁﬂ p(xt+5|x1'x2' ""xt)
t

fixed log (I p(zi—c|x1, X3, ..., X¢)

smoothing 7{&

. . t T

zizigltz?ﬂl 1_ p(Zt|x1, X9, e xT)

{offline)
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Hidden Markov Models

P(X1, e, X7 |2p) = p(Xq, oo, X |2Z4)
p(xt+1' ey XT Zt)
P(Xq, s Xe—q | X1, 2:) = D(X4, ..., Xe21 |2Z;)

P(X1, ooy X1 1201, 2¢) = P(Xy, oo, Xe—q |Z¢-1)

P(Xiq1, s X7 |24, Ze41) = D(Xig1, oo, X7 [ Z041)
P(Xpy2) oo X7 |Z041, Xp41) = D(Xpq2, oo, X7 |Z041)
(X1, o, X7 |21, 2¢) = (X1, oo, Xp—q [201) D (x| 2¢)

p(xt+1; ey XT |Zt)

p(Zri1l|27, %1, o X7 ) = p(Z7 41127 )
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Filtering and smoothing

Filtering: p(z;|x¢, x5, ..., x;) Smoothing: p(z:|x4, x5, ..., X7)

p(xq, %5, ..., X7|Z)p(24)
p(X1,X5, ..., XT)

_ P(xX1, X2, oo, X |Z)P(Xp g1, o X7]|20)P(21)
B p(X1, X5, ., XT)

_ P(X1, X2, -, X, Z))D (X1, o XT|2Z8)

B p(X1, Xy, oo, X7)

_ a(z:)B(z;)

 p(Xy,Xg, e, X7)

p(ztlxl) xz, L xT) —
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Forward Probabilities

a(z;) = p(Xq, o, Xt , 2¢)
= p(xq, .-, X¢ |Z2)p(24)

=p(xelz)p(xy, .., xe-1 |124)p(2¢)

=p(x¢lz))p(xq, .o, X1, 24)

— p(xt Zt) z p(xl' ey Xp—1q 'Zt'Zt—l)

Zt—1
= p(x¢lz,) z P(X1, o, Xp_1,2¢|Z¢_ 1) P(Z¢—1)

Zt—1

= p(x¢lz,) 2 DXy, s X1 | 241, 2e) P(Z¢ |2 1) p(Z1—1)
Zt—1

Stefanos Zafeiriou Adv. Statistical Machine Learning (course 495)



Forward Probabilities

= p(x¢|z;) z P(X1, e, Xe—q1 |Ze1) P(Z21_1) P(Z¢|Z—1)

Zt—1

= p(x¢lz,) z DXy, s X1, Ze—1) P(Z¢|Z¢—1)
Z

t—1

= pxelz) ) @z )p(Zclze)
Zt—1
Recursive formula and initial condition a(z,)

2
a(z,) = p(xy,2z1) = p(z)p(x4|29) = H{”kp(xﬂzlk)}zlk
k=1
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Forward Probabilities

a(zi—_q11) a(z; 1)

@all 1)< P(x¢]ze = 1)

azq

@ a(zp) = p(x¢|zey = 1)(ag1a(2e-11) + az1a(z4—12))
a(z¢Z1 2)

In total 0(22%) computation (in general O(K?))
a(z;—11)

A1z a(zey) = p(xelze, = 1)(apa(ze-1 1) + axza(zi—q3))
a(ze—12)

@T@% p(X¢|ze 2 = 1)
22
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Filtering

p(Xy, ., X ) = zp(xb v Xe, Zt) = z a(zy) = a(zer)+a(ze)!!

Zt

POt Xe,2) |4
p(X1, ) Xt ) _Zzta(zt)_ ‘

Filtering p(z¢|xq1, ..., x;) =

Evaluation: How can we compute p(x4, ..., X7 )?

p(x1; '"JxT) — z P(x1, "'JxT 'ZT) — z O((ZT)

zZT
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Backward probabilities

B(z;) = p(X¢tq, o, X7 | 2¢)

= z P(Xit1) s X7, Z111]2)

Zt+1

= z P(Xet1, s X7 |20, Z041)P(2141121)
Zt+1

= z P(Xpy1, s X7 |Z2e41)D(244112¢)
Zt+1

= z P(Xei2, s X7 |20 )D (X 4112041)P(2141121)
Z
= 2 B(Zi11)p(Xt4112e41)0(Z141]2¢)

Zt41
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Computing Backward probabilities

B(z: 1) 4 B(Zt+11)
1 )—o % P(X¢|ze411 =1)

B(Zts12)
(2)
B(z;2) \

B(zt1) = B(Zt4+11)a110(X¢|Zpp11 = 1)
+B(Ze412)0120(X¢|Zp 12 = 1)

P(X¢|Zpp12 = 1)
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Computing Backward probabilities

B(zy1) B(Zt411)
@ 1 P(x¢|zt+11 = 1)

azq

' a P(xt]|Ze412 = 1)
22

B(zt ) B(Zt+12)
B(z¢2) = B(Zt411)a21p (X211 = 1)
+B(Z¢112)0220(X¢| 24412 = 1)

p(xl' oy X JZT) . a(ZT) * 1

- =1
p(X1, .., XT) (X1, 0, X7) ::B(ZT)

p(ZT|x1, ...,xT ) —
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Prediction

P(Ziyo|Xq, o Xe) = Z ZP(Zt+2»Zt+1»Zt|x1: ey Xt)

Zty1 Zt

= 2 Z P(Zt12,Zes1|X1, o X, 2D (2¢ %1, 0, Xt)
Zty1 Zt

= z z P(Zt42,Z¢1112¢) E(Ztlxl' ""xtl
Zt+1 Zt a(zt)

=) ) pCealze)p(@alz)dz,)
Zty1 Zt

=>ATATa
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Prediction

and

D(Xpi2]Xq, X)) = z P(Xt12|Ze42) P(Ze42|Xq, o0 Xt)

Zty2
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Smoothed transition

§(Zi—1,2¢) = (241, Z¢|Xq, ..., XT)

_ P(Xy, o, X7|Ze—1,2:)D(Z1-1,Z¢)
p(xb ) xT)

_ P(X1, o, X1 |Ze_ )0 (Xe|2)D (X415 oo, X7 |20)D (24| 21— 1) D (21— 1)
p(x)

_ (ze—1)p(xelze)p(2e2i—1) B (24)
(X1, ., XT)
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Parameter Estimation (Baum-Welch algorithm)

We need to define an EM algorithm

and we have all the necessary ingredients ©

p(Z:|xq, X5, o, XT) p(Zi_1,Z¢| X4, ..., XT)
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Summary

We saw how to perform
(a) Filtering

(b) Smoothing

(c) Evaluation

(d) Prediction

Next we will see how to perform (e) EM and (f) Decoding
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