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Markov Chains with Discrete Random Variables

@ @ @ ........... _),@

Let’s assume we have dlscrete random variables (e.g., taking 3 discrete

i

Markov Property: p(xt . 1) —P(xt|xt 1)

o[}

Stationary, Homogeneous or Time-Invariant if the distribution p(x;|x;_1)
does not depend on ¢t
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Markov Chains with Discrete Random Variables

T
pCeyxr) = p@) | [pCeelrey)
t=2

What do we need in order to describe the whole procedure?

(1) A probability for the first frame/timestamp etc p(x;). In order to
define the probability we need to define the vector T =

(7T1,7T2,...,7TK) K

o) = | [ e

c=1
(2) A transition probability p(x¢|x;_1). In order to define it we need a
KxK transition matrix A = |a;]
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Hidden Markov Models

A casino has two dice (our latent variable is probably the dice © )

One is fair and one is not
Each die has 6 sides. x = {

2= (o [1] |

1-
0
0
0
0
0.
fo

(1) Fairdie p(x; = 1|z, = 1) =

O )

(2) Loaded die p(x; = 1|z, = 1) = bj, forj = {1,..,5}
and p(x6 — 6|Z2 — 1) =1 - Z?:l b]
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Hidden Markov Models

A casino player switches back & forth between fair and loaded die

411 A12 p(z;,=1)=m

a
w * p(z1, =1) =m,
2

A g p

azq c=1

p(zi|z,1,4) = l ll

p(x|z,) = l
J
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EM in HMMs

Given a set of strings of observations (or even one) and the above model.
664153216162115234653214356634261655234232315142464156663246

Find the parameters A, m, bj, by maximizing the probability
p(Dy, ...,Dn,Z14, ..., Zx|0)

N

—_ [ l [ l l [

— ‘ ‘p(xl y X2, X, 2,2y, 2 |9)
=1

N T

T
=[] [petizyp@d ] [pdizet
t=2

=1 t=1
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EM in HMMs
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EM in HMMs

Taking the expectations with regards to the posterior

xtle[Ztkl] In b]k

+ E[Zt—ljlztkl] In ajk
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EM in HMMs

E[Zlkl] — Z Zlklp(zlkllxllJ”’;le) — p(Zlkl = 1|xll,---

Z1kl

Elzg'] = Z:Ztklp(ztkl|x1l,“°,le) = p(Ztkl = 1|xll,---

Ztk

l
E[Zt—lj Ztk

l

l
Z zzt 1j Ztk P(Zt 1j Ztk |x1 ;xz )

Zt— 1]thk
= p(Zt—lj = 1:Ztk
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EM in HMMs

p(Zlkl = 1|x1l;”',le)
_ P(x1l;Z1kl = 1)P(le»"'»le|Zlkl =1) _ “(Z1kl),8(z1kl)
p(xit, -, xrh) p(xit, -, xph)

P(Ztkl = 1|x1l;'“;le)
— p(xll»”’:xtliztkl = 1)p(xt+1l;”':le Zey' = 1) _ a(Ztkl),B(Ztkl)
p(xll""'le) p(xll'""le)

p(Zt—ljl = 1'Ztkl = 1|xll'°”'le)
l
_ “(Zt—ljl) [19-1 biy ™ ajkﬁ(ztkl)

- p(x1t, -, xr!)
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EM in HMMs
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+ E[Zt—ljlztkl] In ajk + A z b]Z —
I=1t=2 j=1k=1 j=1
b 12 1E[Zt2]xt]l
iy =
J l:]_ Z’II,:zlE[ZtZ ]
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EM in HMMs

I=1t=1j=2 k=1 =1 k=1
N T 2 2
) ) ZE[zt_ljlztkl]lnajk+/1 znk—l
1=1t=2 j=1k=1 =1
), = 1E[Z1k]
12 [er]
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EM in HMMs
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Latent Variables

("{IN(ﬂEZ:Hz)}

[\

A

p(X,Z[9)
— p(xlleJ X1, 21,2, iZTle)

_ 1 T T
(NI, 1)} =| [pexlze 60| [peien
t=1 t=1

Ztq
Zto
Zt3
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Latent Variables in a Markov Chain

1 . (%79 (%2) (B3 mmmm - _ ,f

. T
B bz =pe) | [z
t=2

r(X,Z|0)
— p(lexZJ X1, 21,2y, JZTle)

T T
0.5 = Hp(xt|zt, 0,x)p(z1) HP(Ztlzt—l)
t=1 t=2
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EM HMM with real valued observations

Given a number of sets of observations (or even sequence)

Find the parameters A4, i, X;, p; that maximize the probability

p(Dy, ..., Dy, Z4, o, Zn|6)

N

—_ [ l l l l l

— ‘ ‘p(xl y X2y X2, 4,00 2 |6)
=1

N T

T
=[] [petizyp@d ] [pdizet
t=2

=1 t=1
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EM HMM with real valued observations

What is different and what is the same?
3

Same: p(z,|m) = l_[ﬂkzl"

k=1

p(z¢|z,—1, A =l ll l “t-1j4tk

j=

Different: p(x¢|z;) = HN(xth,zK)Ztk
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EM HMM with real valued observations
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EM HMM with real valued observations

Taking the expectations with regards to the posterior

N T 3
L= E [Zer 1IN (x| e, i)
[=1t=1k=
N
+22E[Z1k ]lnT[k
=1 k=1

+ E[Zt_lletkl] Ina,
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EM HMM with real valued observations

E[Z1kl] = Z Z1klP(Z1kl|x1l»”’»le) = P(Z1kl = 1|x1l:"'»le)
Z1kl

E[Ztkl] = Z:Ztklp(ztkl|x1l»‘”;le) = p(Ztkl = 1|x1l»‘”»le)
Ztkl

E[Zt 1j Ztkl] = Z zzt 1j Ztk P(Zt 1j Ztkl|x1 » X2 :‘“»le)

Zt— 1]thk
_ l l
= p(Zt—lj =1,zy4' = 1|x1 y X2, X )
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EM HMM with real valued observations

p(Zlkl = 1|xll;”';le)
_ P(x1l:Z1kl = 1)P(le;"';le|Z1kl =1) _ “(Z1kl),8(z1kl)
p(xll""'le) p(xll'""le)

P(Ztkl = 1|x1l»“‘;le)
— p(xll:‘”:xtliztkl = 1)p(xt+1l;”’»le Zeyt = 1) _ a(Ztkl),B(Ztkl)
p(xqt, -, xph) p(x.h -, xpt)

p(Zt’—ljl — 1,Ztkl = 1|xll;°”1le)
. C((Zt_1jl)N(xt|ﬂwZic)ajkﬁ(ztkl)
p(xqt, -, xp0h)
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EM in HMMs

dL(uy) —0> u 12 —1 Elze ]xtl
dpy k= 1 Xi=1 Elz!]

dL(Zy) — 0> ¥ ZN 12 1E[Ztk | (xtl - Iik)(xtl — ﬂk)T
de k= 12 [Ztk ]

Stefanos Zafeiriou Adv. Statistical Machine Learning (course 495)



EM in HMMs

1 E[Zlk |
—1 Z [er |
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EM in HMMs
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