Hidden Markov Models (HMM)

(a) Computing EM in Hidden Markov Models
(b) The Viterbi algorithm
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Markov Chains with Discrete Random Variables

@ @ @ ........... _),@

Let’s assume we have dlscrete random variables (e.g., taking 3 discrete

i

Markov Property: p(xt . 1) —P(xt|xt 1)

o[}

Stationary, Homogeneous or Time-Invariant if the distribution p(x;|x;_1)
does not depend on ¢t
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Markov Chains with Discrete Random Variables

T
pCeyxr) = p@) | [pCeelrey)
t=2

What do we need in order to describe the whole procedure?

(1) A probability for the first frame/timestamp etc p(x;). In order to
define the probability we need to define the vector T =

(7T1,7T2,...,7TK) K

o) = | [ e

c=1
(2) A transition probability p(x¢|x;_1). In order to define it we need a
KxK transition matrix A = |a;]
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Hidden Markov Models

A casino has two coins (our latent variable is probably the coin © )

2= (). [1
One is fair and one is not X = {[1] [0]}
01’11

Each coin has 2 sides.

(1) Fair coinp(x; = 1|z, = 1) = %for all j = {1,2}

(2) Loaded coinp(x; = 1|z, = 1) = by, forj = {1,2} and
p(x; =1|z; =1) =1 — by,

Emission probability
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Hidden Markov Models

A casino player switches back & forth between fair and loaded coin

411 @12 p(zy,=1)=m

a
w 22 p(le _ 1) =,
2

T [ ]

p(z:|zi—q,A) =

~
h

p(x:|z,) = l 1
j=
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EM in HMMs

Given a set of strings of observations (or even one) and the above model.
HHTT, THTH, HHHT, HTHH

Find the parameters A, i, by, by maximizing the probability

p(D;, <Dy Zs, AL

— l l l l l l
— ‘ ‘p(xl y X2y, Xy 2,2y, 000, 2y |9)

4 4

=[] [pe= |ztl>p(z11>]_[p<zt 2,11

=1 t=1
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EM in HMMs
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EM in HMMs

Taking the expectations with regards to the posterior
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EM in HMMs

E[Zlkl] — Z Zlklp(zlkllxllJ”’;le) — p(Zlkl = 1|xll,---

Z1kl

Elzg'] = Z:Ztklp(ztkl|x1l,“°,le) = p(Ztkl = 1|xll,---

Ztk

l
E[Zt—lj Ztk

l

l
Z zzt 1j Ztk P(Zt 1j Ztk |x1 ;xz )

Zt— 1]thk
= p(Zt—lj = 1:Ztk

Stefanos Zafeiriou
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-

-

xrt)

— 1|x1 ,le, "’,le)
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EM in HMMs

p(Zlkl = 1|x1l;”',le)
_ P(x1l;Z1kl = 1)P(le»"'»le|Zlkl =1) _ “(Z1kl),8(z1kl)
p(xit, -, xrh) p(xit, -, xph)

P(Ztkl = 1|x1l;'“;le)
— p(xll»”’:xtliztkl = 1)p(xt+1l;”':le Zey' = 1) _ a(Ztkl),B(Ztkl)
p(xll""'le) p(xll'""le)

p(Zt—ljl = 1'Ztkl = 1|xll'°”'le)
A
. a(Zt—ljl) H12~=1 byt ajkﬁ(Ztkl)

- p(x1t, -, xr!)
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Computing the E-step

Initialize parameters

w=[r]=[1/2

p(z: |z¢—q )
_ | @11 1—-ay1]_[1/2 1/2 i = Qo = 1/2
A= [1 — ayy Ao ] B [1/2 1/2 o * /
1/21
p(x; |z ) b, = _3;4_
B — [b11 1—b11] _ [1/2 1/2 1/2
b12 1_b12 3/4‘ 1/4 b2: 1/4
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Computing the E-step

First sequence: (compute a(z;1), B(z;1))

a(Z11) = P(x11:z11) = P(Z11)p(x111 = 1:Z11) H

a(z;") =m O by = W;] © E;ﬂ - E;g

a(z,") = ple’ = 1|z21>zp<z21|z11>a(z11> H

=b, © (ATa(z,Y)) = é;i (Hﬁ 5;] E;i)
_ Eﬁ] © [iﬁ?l = [155//3624
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Computing the E-step

T
a(z;") = ples," = 1|z31>zp<z31|z21>a<z21>

= b, © (ATa(z,1)) = E;ﬂ ’1/2 1/2] [ 5/32

1/2 1/2][15/64
_25_
B [1/2]® 128  [25/256
~|1/4 25 | 7 125/512
1128-
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Computing the E-step

T

a(z,") = p(xs" = 1|z31>zp<z41|z31>a<z31>

= b, O (Aa(z31)) = Eﬁ] [1/2 1/2] [25/256

1/2 1/2]125/512
T
_[1/2]@ 1024 _[75/2048
- 11/4 75 |  175/4096
11024

150+ 75 225
4096 4096

p(xllileJxS:l) x41) = p(HHTT) —
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Computing the E-step

B(z,') = [ﬂ
T B(zs) = ) Blza Ip(rar’ = 112" p(za'12:)

= A(B(Z41) © by)

= ([l [17a)) = 4([17a)

=117z 172l sl =37

1/4] ~ [3/8




Computing the E-step

T
Bz, = ) flz:s (s = 11251 p(zs'1z,")

= A(B(z5") O b,)

=4 ([37s] @ [174])

=12 12llszaalloves

3/32|719/64




Computing the E-step

H
B(z:") = A(/”(zzl) © by)

4 ([oea) ©37a])

Al -

1/2 1/2]127/256] ~ |45/512




Computing the E-step

C1 = [a(z,") a(zz') a(zs') a(zy')]

_[1/4 5/32 25/256 75/2048
~ [3/8 15/64 25/512 75/4096

C2 = [Az,") Bz,") B(z3") Blzyh)]

 [43/512 9/64 3/8 1]
~ [43/512 9764 3/8 1
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Computing the E-step

Now we are ready to compute the expectations E [z, ']as

E = (€,0OC2)/p(HHTT)

[45/2048 45/2048 75/2048 75/204814096
E = -
135/2048 135/4096 75/4096 75/4096] 225

. [90/225 90/225 150/225 150/225
~ [135/225 1357225 757225  75/225
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Computing the E-step

p(z¢', ze_1 2t o xs0)
_ a(ze—1Dp(x: 'tz Dp(zet, 211 )B (2 )

B p(x.t, ..., x,1)

p(ztl,zt_11|x11, ...,x41)
IS 2x2 matrix and intotal we have T —1 =4 —1
of these matrices
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Computing the E-step

H
a(Z11)P(x21|Zzl)P(Zzl»Z11),8(Zzl) =

_ a(2111 = 1)P(x211 = 1|Zz11 = 1)19(2211 = 1|Z111 = 1),3(2211 =1)
a(Z121 = 1)P(x211 = 1|Zz11 = 1)29(2211 = 1|Z121 = 1),3(2211 =1)

a(2111 = 1)P(x211 = 1|Zzz1 = 1)19(2221 = 1|Z111 = 1),3(2221 =1)
a(2121 = 1)P(x211 = 1|Zzz1 = 1)19(2221 = 1|Z121 = 1),8(2221 =1)

[b,0B(2:Y)]

= [a(z41) a(2,1)]0A40O
A (b, OB (z2)]"
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Computing the E-step

a(z,p(x,t |z, )p(2,", 2, 1) B (2,")

INT
= [a(z:!) a(z;1)]OA4 @Hbl@ﬁ(zz ) ]

b, OB (zH]"

or equivalently

=40(a(11")[0108(z")])
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Computing the E-step

H
[a(z1') a(z,1)]OAO[b,OB(22Y) b OB(22H)]" /p(HHTT)

(174 1741 _[1/2 1/2] _[9/128 27/256
_[3/8 3/8 C9[1/2 1/2 ®[9/128 27/256]/p(HHTT)

_[36/225 54/225
~ [54/225 81/225
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Computing the E-step

T
P(Zsl;zzl|x11» ...,x41)
[b,0B8(zsY)]
— 1 1 @A@ 1'.", 1
[a(Zz ) a(zz )] [b2®,8(z31)]T /(X1 X4™)
-
[5/32  5/321[1/2 1/21 |16 32|, 225
~ |15/64 15/64]@[1/2 1/2]9116 ? /Gose)
16 32

_’60/225 30/225
~ [90/225 45/225
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Computing the E-step

T
p(z4", 23" %17, ..., x4 ")
[b,0B(zs1)]
[b.0B(z4")]'

_ [25/256 25/256] _[1/2 1/2] _[1/2 1/4],, 225
‘[25/512 25/512]911/2 1/2 ®[1/2 1/4]/(m>

= [a(z31) a(z3')]©40

] /p(xlll ) X4_1)

~ [100/225 50,225
~|50/225 25/225
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The scaling problem

C, = [0((211) 0((221) 0((231) 0((241)]

_[1/4 5/32 25/256 75/2048
~[3/8 15/64 25/512 7574096

e These a(z;1) can go to zero exponentially quickly. Also for

medium length chains (i.e., T = 100) the calculation of a(z, )
will soon exceed the dynamic range of the computer.
* \We compute instead the normalized version which iIs
well-behaved
a(z¢)
p(X1, -, X¢)

a(z,) = p(z¢lxq, ..., x¢) =
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The scaling problem

« We need a recursion with regards to a(z;)

* To do so we need to make p(x4, ..., x;) in to a product
t

P(Xq, ) Xp) = 1_[ Cp  Ct=P(X¢|Xq, ony Xpq)

m=1

 Hence .

a(z) = pilxy, o xOP (s, %) = | | | em | 220

m=1
and the recursive formula becomes

ce(z) = pCxclze) )z )p(zelze )
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The scaling problem

 Similarly for 5

C, = [Az:") fz;") B(z3Y) Bzah)]
 [43/512 9/64 3/8 1
_[43/512 9/64 3/8 1

« \We can define re-scaled variables £(z,)

T

B(z:) = 1_[ Cm B(Zt)

m=t+1
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The scaling problem

P(Xtt1, r X7|2Z¢)
P(Xtt1) s X7 X1, 00, X )

and the recursive formula becomes

B(Zt) =

Ct+1B(Zt) = z ,é(zt+1)P(xt+1|Zt+1)P(Zt+1|Zt)

Zt41

Hence the posteriors become
p(z¢|x1.7) = @(Zt),é(zt)

p(Z¢_1,2¢|x1.7) = ¢~ ta(z,—1) p(x¢|2y) p(2¢)20-1) P (2,)
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Decoding (Viterbi algorithm)

Start
H 0.5 L
D'5C A 0.2 —"'1_ A 0.3 QD'G
C 03 C 02
G 03 0.4 G 02
T 0.2 T 03

Let us consider the above HMM (3 states, 4 different letters
as observations). State H — coding DNA, state L- Non-coding DNA.
Can be used to predict the region of coding DNA from a given sequence.

2= (1 [o] [T
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Decoding (Viterbi algorithm)

Start
H 0.5 L
05 C A 02 |—> | A 03 Q 06
' C 03 — C 02 '
G 03 0.4 G 02
T 0.2 T 03

Consider the sequence S=GGCACTGAA.
There are several paths through the hidden states (H and L) that lead
to the given sequence.

Example: LLHHHHLLL
p(xl, oy Xg,Z12 = 1, ey Zgp = 1)

=p(212 = Dp(x14 = 1z13 = Dp(222 = 1]z12 = Dp(xe = 125, = 1) ...
= 0.5 % 0.2 * 0.6 * 0.2
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Decoding (Viterbi algorithm)

Start
H 0.5 L
A 02 — | A 03
D'5C cC 03 | C 0.2 QD'B
G 03 0.4 G 02
T 02 T 023
GGCACTGAA

There are several paths through the hidden states (H and L) that lead
to the given sequence, but they do not have the same probability.

The Viterbi algorithm is a dynamic programming algorithm that allows us to
compute the most probable path.
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Decoding (Viterbi algorithm)

Start Viterbi algorithm:
‘Eg/ ﬂ‘ principle
H 0.5 L
A 02 |——> | A 03
U'5C cC 03 | ¥ C 0.2 QU'G
G 03 0.4 G 02
T 02 T 03
[~ %

GGCACTGAA

The probability of ending up in a state j at time t, given that we take the most probable
path.

0:(j) = maxsz, . .z._4 p(Zl:t—l'th = 1]x1.¢)
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Decoding (Viterbi algorithm)

The key insight is that the most probable path to state j at time t must
consist of the most probable path to some other state i at time t — 1,
followed by a transition from i to ;.

0:(j) = Ct_lp(xt|ztj = 1)max,; 5t—1(i)P(th =1|zp_1; = 1)

We also keep track of the most likely previous state, for each possible
state that we end up

a;(j) = argmaxip(xt|ztj = 1)5t—1(i)P(th =1|z;-q; = 1)
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Decoding (Viterbi algorithm)

Start Viterbi algorithm:
‘Eg/ ﬂ‘ principle
H 0.5 L
A 02 |——> | A 03
U'5C cC 03 | ¥ C 0.2 QU'G
G 03 0.4 G 02
T 02 T 03
[~ %

CGGCACTGAA
The probability of the most probable path ending in state H with
“A” at the 4™ position (recursively)

6,(=1) = p(x41 = 1|Z4j = 1)
max(83(j = 2)p(z41 = 173, = 1),65( = D)p(241 = 1|23, = 1))
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Decoding (Viterbi algorithm)

Start
"-’1/ \4L
H -1 L
_1C A 2322 | — > |A 1737 Q'D?S?
C 1737 | € |c -2322 '
G -1.737 -1.322 G -2.322
T -2322 T -1.737

Remark: for the calculations, it is convenient to use the log of the

probabilities. Indeed, this allows us to compute sums instead of products
which is more efficient and accurate (log,).
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Decoding (Viterbi algorithm)

Start
‘.;1’// \-1‘
H -1 L
y A -2322 | /> | A -1.737 0,737
C 1737 | € |c -2322 '
G -1.737 -1.322 G -2.322
T -2322 T -1737
GGCACTGAA

Probability (in log,) that G at the

i : pu(G, 1) =-1-1.737 =-2.737
first position was emitted by state H

Probability (in log;) that G at the _ 4 _
first position was emitted by state L P (G.1)=-1-2.322=-3.322
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Decoding (Viterbi algorithm)

Start
‘.-/1/ \_1‘
H -1 L
y A -2322 | —> A 1737 0737
C 1737 | € |cC -2.322 '
G -1.737 -1.322 G -2.322
T -2322 T -1737
GGCACTGAA

propabilty (in logy) Ihat S atihe  PH(G2) =-1.737 + max (py (G, 1)*+Pyy, PG 1)+PLy)
nd posiion was emitied by state = -1.737 + max (-2.737 -1, -3.322 -1.322)

= -5.474 (obtained from p(G,1))

Probability (in log,) that G at the

2nd position was emitted by state L

=-2322 + max (-2.737 -1.322 ,-3.322 -0.737)
= -6.059 (obtained from py(G,1))
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Decoding (Viterbi algorithm)

Start

— T

H -1 L
y A 2322 | —> [A -1.737 0737
Cc -1.737 y C -2.322 '

G -1.737 -1.322

G -2.322
T -2322 T -1737
GGCACTGAA
G G c A c T G A A
H 273 1547 —p -821 —p 1153 | 1401 | . -25 65
N B
L 332 [X-606 X -879 -10.94-]'»-14.01 I O RO AR YT:
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Decoding (Viterbi algorithm)

Start
‘;'1’// \_1‘
H -1 L
Py A -2322 | — > |A -1737 0737
Cc -1.737 ¢ Cc -2.322 '
G -1.737 -1.322 G -2.322
T -2.322 T -1.737
back-tracking
{= finding the path which
GGCACTGAA corresponds to the highest
probability, -24.49)
G G c A c T G A A
H 2.73 —p -5.47 -8.21 —p -11.53 -14.01 -25.65
> g
L -3.32 -6.06 -8.79 -10.94 1401 49 ... p —p —lp--24.49
The most probable pathis;: HHHLILLILI.L Its probability is 2-2449= 4 25E-8

(remember that we used log,(p))
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