Toolboxes on Component Analysis

Matlab Toolbox for Dimensionality Reduction

http://homepage.tudelft.nl/19j49/Matlab_Toolbox_for_Dimensionality Reduction.html

Matlab 2013b has PPCA implemented

http://www.mathworks.co.uk/help/stats/ppca.html
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Toolboxes on Component Analysis

|CA toolboxes for image and signal processing:
http://www.bsp.brain.riken.jp/ICALAB/
ICA for EEG Analysis.
http://mialab.mrn.org/software/

FastICA

http://research.ics.aalto.fi/ica/fastica/
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PPCA applications

In PPCA we have:

p(x|ly,W,u,0%) = Nx|Wy +pn,0%) ©
p(y) = N(¥|0,I)

=

p(x|0) = N(x|u, D)
where D = WW?T + o1

p(ylx,W,pn,0%) = Ny|MT'W"(x — p),0*M™1)
where M=ol +W'W
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PPCA classification

Learn a PPCA per class (9 PPCA’s).
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Mixtures of PPCA clustering

@<——n

C

p(x|0) = z m; N(x|u;, D;)

=1
0, —

Assign to the cluster with the highest probability
N(x|p;, D;)
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PPCA with missing data

* In many cases we have missing values in the dataset.

Missing values

6 ~ndar Stefanos Zafeiriou Adyv. Statistical Machine Learning (course 495)



PPCA with missing data

X pg=p(rtx) x =[]

unobservedobserved

”0] [DOO DOU]
— D:
# Lu“ Dy, Dy

p(x*|x°) = N(x*|u* + DyoDoo ' (x° — 1), Dyyy — Dy Doy Do)
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PPCA with missing data

Exercise 1:
Prove that if

p(x|6) = N(x|u, D)
then p(x%|x°)
= N(x"“|u" + DuoDoo_l(xo —u°),Dy,, — DuoDoo_lDou)

. X
Hint: p(x%|x?) = pp((xo))
p(x°) = [.p(x)dx"
and using
[,4 B! _ [ (A-BD'0)! —A"'B(D - CA'B)!
C D -D7c(A-BD ()t (D—-CcA'B)™1
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PPCA with missing data

p(x;|x;°) = N(x;|z;, Q)

i+ D20 - )

Z; = _

l ”u + DuoDoo 1(xi0 _ ”0)
9 [o 0

0 Duu _ DuoDoo_lDou

Epx,x0)ixi} = f x;p(x;|x;°)dx; = z;
X

Ep(xilxio){xixiT} =Q+ Ep(xilxio){xi}Ep(xilxiO){xi}T

= Q + ZiZiT
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Expectations with missing data

Also for whatever a that does not depend on x;

Ep(xilxio){(xi —a)(x; — a)T} =Q + (z;—a)(z; — a)T

Exercise 2: Prove the above

Hint: Just expand !!

Ep(xjx){(x —a)(x; — a)"}
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EM with missing data

NF
Inp(X,Y|0) = —71n2n — NFIno — NIn2n
N

1
_TﬂZ[tr((xi — W) (x; — ) = 2tr(y;(x; — W'W)
=1 N
+HrW'Wyy,Dl - ) tr(y:iy")
2

In original PPCA we have to compute the posterior expectations
with regards to Y |X (since our X are fully observed)

Now we have to compute the expectations with regards to X,Y|X?
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EM with missing data

E,xyixo){Inp(X, Y|9)} =

N
1
- 2 202 [tr[Ep(xi,yilxi"){(xi — ) (x; — M)T}]
i=1

_Ztr[Ep(xi,yi|xio){yi(xi _ M)T}W] + tr[WTWE{yiyiT}]
1 NF
+ Etr[E{yiyiT}] — 711127‘[ — NFIno — NIn2n

Let’s see how this 1s done 1n detail
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EM with missing data

p(x;, yi|%:°) = p(yilx; )p(xi]x;°)
Epxyin) (X — ) (x; — )"}

:fxl. fyi (x; — W (x; — W) 'p(x;, yilx;°)dx;dy;

:fxi (x; — ) (x; — ) 'p(x;]x;°) fJ’i p(yilx; )dy;dx;

:fxi (x; — ) (x; — ) 'p(x;|x;°) dx; 1

=Q+ (zi—pw)(z; — )’
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EM with missing data

|
yip(yilx)dy, = MW" (x; — w)

EP(}’i;inxio){yi(xi — H)T} Yi

=j j yi(¥i — W 'p(y, x;x;°)dy;dx;
xi Yy
,
[f yip(yilx)dy1(x; — W p(x;|x;°)dx;
xi Yy

l

R
= | M7'W"'(x; — w(x; — W' p(x;|x;°)dx;

Jy,

- MWT j (x; — 1) (x; — TP (x;|%,2)dx;
X;

= M WTE{(x; — p)(x; — )T}
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EM with missing data

Ep(y,xiixi)Vi¥i'} = Eppeo\ Epiixoy Vi¥i" 3
= Ep(xyx,0){0° M~ + E{y;}E{y;}"}
= Ep(ex) {0 M + M7IWT (x; — ) (x; — )" WM}

= 0’M ™' + MW Ep (00 {(x; — ) (x; — )3 WM™1
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Summary

Expectation Step

Ep(x,y;1x0)t (i — ) (x; — wW=Q+ (z—wz —-w'

Epyoxin) Wi — )"} = MW E ()1 — ) (x; — )"}

Ep(yi,xuxif’){yi}’iT}
= 0°M~1 + MW7 E . 5.0y {(x; — ) (x; — )T IWM
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EM with missing data

Maximization step

N
OE{p} 1
SRRl O

aE{W}

N
1 2
=0 zz (—;E{(xi -y} +-— P WE{y:y, }) =0

l
1-1

=1
[ N 1IN
>W = 25{(951' -wy;"} zE{YiyiT}
| =

i=1
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EM with missing data

0E{c?} 3
do

0=

0.2

N
1
= ﬁz{uwaxi — W (x; — w7 — 2tr[E{y;(x; — TIW] +
=1

+tr[E{y;y; " IW W]}

finally D = WW?T + ¢2I 0

0=,
:[Doo D,, 0 Dyy — DuoDoo_lDou
Do Dyy
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Summary

« In PPCA the latent features are y; hence we need to
compute the expectations E{y;} and E{y;y;’} (with
regards to Y |X

« In PPCA with missing data we assume that part of x; is
observed and part is missing (hidden). Hence we have to
compute expectations
E{(x; —wy:"} Eyiy: "} E{(x; — w)(x; — w)''} with regards to
X, Y|X°
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