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Parameters 𝜃𝑥 = {𝑾1,𝑾2,𝑾3, 𝝁1, 𝝁2, 𝝁3, 𝜎1
2, 𝜎2
2, 𝜎3
2} 

𝜋1 = 𝑝 𝑘 = 1  
𝜋2 = 𝑝 𝑘 = 2  
𝜋3 = 𝑝(𝑘 = 3) 

𝜃𝑧 = {𝜋1, 𝜋2, 𝜋3} 

𝒛𝑖 =
𝑧𝑖1
𝑧𝑖2
𝑧𝑖3
∈
1
0
0
,
0
1
0
,
0
0
1
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𝝁𝟏 

𝒚𝑖1 

𝒙𝑖 
N 

𝜎1
2 

𝑾𝟏 

𝑝 𝒙𝑖 𝒛𝑖𝑘 = 1, 𝒚𝑖1,𝑾1, 𝝁1, 𝜎1
𝟐 = 𝑁(𝒙𝑖|𝑾1𝒚𝑖1 + 𝝁1, 𝜎1

2𝑰) 

𝒙𝑖 = 𝝁1 +𝑾1𝒚𝑖1 + 𝒆𝑖1 

𝒚𝑖1~𝑁(𝒚𝑖1|𝟎, 𝑰) 

𝒆𝑖1~𝑁(𝒆𝑖1|𝟎, 𝜎1
2𝜤) 

Mixtures of PPCA 
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𝑝 𝒙𝑖 𝒛𝑖2 = 1, 𝒚𝑖1,𝑾2, 𝝁2, 𝜎𝟐
𝟐 = N(𝒙𝑖1|𝑾2𝒚𝑖2 + 𝝁2, 𝜎2

2𝜤) 

𝒙𝑖 = 𝝁2 +𝑾2𝒚𝑖2 + 𝒆𝑖2 

𝒚𝑖2~𝑁(𝒚𝑖2|𝟎, 𝑰) 

𝒆𝑖2~𝑁(𝒆𝑖2|0, 𝜎2
2𝜤) 

𝝁2 

𝒚𝑖2 

𝒙𝑖 
N 

𝜎2
2 

𝑾2 

Mixtures of PPCA 
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𝑝 𝒙𝑖 𝒛𝑖3 = 1, 𝒚𝑖3,𝑾3, 𝝁3, 𝜎3
𝟐 = N(𝒙𝑖3|𝑾3𝒚𝑖3 + 𝝁3, 𝜎3

2𝑰) 

𝒙𝑖 = 𝝁3 +𝑾3𝒚𝑖3 + 𝒆𝑖3 

𝒚𝑖3~𝑁(𝒚𝑖3|𝟎, 𝑰) 

𝒆𝑖3~𝑁(𝒆𝑖3|0, 𝜎3
2𝜤) 

𝝁3 

𝒚𝑖3 

𝒙𝑖 
N 

𝜎3
2 

𝑾3 

Mixtures of PPCA 
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(1) Priors 

𝜃𝑥 

𝒀𝒊 

𝒙𝑖 
N 

𝜋 𝒛𝒊 

𝒛𝒊 =

𝑧𝑖1
𝑧𝑖2
𝑧𝑖3

 
𝒀𝒊 = [𝒚𝒊𝟏 𝒚𝒊𝟐𝒚𝒊𝟑] 

Graphical model 

𝑝 𝒛𝑖  𝜃𝒛 = 𝜋𝑘
𝑧𝑖𝑘

3

𝑘=1

 

𝑝 𝒀𝑖  𝒛𝒊, 𝜃𝒛 = 𝑝(𝑦𝑘𝑖)
𝑧𝑖𝑘 = 𝑁(𝑦𝑘𝑖|0, 𝐼)

𝑧𝑖𝑘

3

𝑘=1

3

𝑘=1

 

Modelling the problem 
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𝑝 𝒙𝑖 𝒛𝒊, 𝒀𝑖 , 𝜽𝒙 = 𝑝 𝒙𝑖 𝒛𝑖𝑘 = 1, 𝒚𝑖𝑘 ,𝑾𝑘 , 𝝁𝑘 , 𝝈𝑘
𝟐𝑰
𝑧𝑖𝑘

3

𝑘=1
 

                              =   N(𝒙𝑖𝑘|𝑾𝑘𝒚𝑖𝑘 + 𝝁𝑘 , 𝜎𝜅
2𝑰)𝑧𝑖𝑘

3

𝑘=1

 

(2) Conditional distribution 

Modelling the problem 
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(3) Marginal distributions per cluster 

𝑝 𝒙𝑖 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝜅
𝟐 = N(𝒙𝑖|𝝁𝜅 , 𝑫𝑘) 

𝑫𝑘 = 𝑾𝑘𝑾𝑘
𝑻 + 𝜎𝑘

𝟐𝑰 

Exercise: Show that indeed  

𝑝 𝒙𝑖 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝜅
𝟐 = N(𝒙𝑖|𝑫𝑘 , 𝝁𝜅 , 𝜎𝑘

2) 

Tip: 

𝑝 𝒙𝑖 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝜅
𝟐 =  𝑝 𝒙𝑖 , 𝒚𝑖𝑘 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝑘

2 𝑑𝒚𝑖𝑘
𝒚𝑖𝑘

 

Modelling the problem 
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𝑝 𝒙𝑖 𝜃 =  𝑝 𝑧𝑖𝑘 = 1

3

𝑘=1

𝑝 𝒙𝑖 𝑧𝑖𝑘 = 1, 𝜃𝑥  

                = 𝜋1N 𝒙𝑖 𝝁1, 𝑫1 + 𝜋2N 𝒙𝑖 𝝁2, 𝑫2 + 𝜋3N(𝒙𝑖|𝝁2, 𝑫2) 

                 =  𝜋𝑘

3

𝑘=1

N(𝒙𝑖|𝝁𝑘 , 𝑫𝑘) 

(4) Full marginal distributions: 

Modelling the problem 
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(5a) Posteriors on  𝒚𝑖𝑘 

𝑝 𝒚𝑖𝑘 𝒙𝑖 , 𝑧𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝑘
2  

= N(𝒚𝑖𝑘|𝑴𝑘
−1𝑾𝑘

𝑇(𝒙𝑖 − 𝝁𝜅), 𝜎𝑘
2𝑴𝑘
−1) 

Exercise: Show the above 

Tip (use the Bayes rule): 

𝑝 𝒚𝑖𝑘 𝒙𝑖 , 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝑘
2  

=
𝑝 𝒙𝑖 𝒚𝑖𝑘 , 𝒛𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝑘

2 𝒑(𝒚𝑖𝑘|𝑧𝑖𝑘 = 1)

𝒑 𝒙𝑖 𝑧𝑖𝑘 = 1,𝑾𝑘 , 𝝁𝑘 , 𝜎𝑘
2 

 

𝑴𝒌 = 𝑾𝑘
𝑇𝑾𝑘 + 𝜎𝑘

2𝑰 

Modelling the problem 
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𝐸 𝒚𝑖𝑘 = 𝐸 N 𝒚𝑖𝑘 𝑴𝒌
−1𝑾𝑘

𝑇 𝒙𝑖 − 𝝁𝜅 , 𝜎𝑘
2𝑴𝑘
−1

= 𝑴𝑘
−1𝑾𝑘

𝑇 𝒙𝑖 − 𝝁𝜅  

𝐸 𝒚𝑖𝑘𝒚𝑖𝑘
𝑇 = 𝜎𝑘

2𝐌𝑘
−1+𝐸 𝒚𝑖𝑘 𝐸(𝒚𝑖𝑘)

𝑇 

(5a) Posteriors expectations on  𝒚𝑖𝑘 

Expectation-Step 
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(1) Posteriors on  𝒛𝑖 

𝑝 𝒛𝑖 𝒙𝑖 , 𝜃 =
𝑝(𝒙𝑖 , 𝒛𝑖|𝜃)

𝑝(𝒙𝑖|𝜃)
=
𝑝 𝒙𝑖 𝒛𝑖 , 𝜃 𝑝(𝒛𝑖|𝜃)

𝑝(𝒙𝑛|𝜃)
 

=
 N(𝒙𝑖|𝝁𝜅 , 𝑫𝑘)

𝑧𝑛𝑘𝜋𝜅
𝑧𝑛𝑘3

𝑘=1

 𝜋𝑙
3
𝑙=1 N(𝒙𝑖|𝑫𝑙 , 𝝁𝑙) 

 

𝐸 𝑧𝑖𝑘 =  𝑧𝑖𝑘
 N(𝒙𝑖|𝝁𝜅 , 𝑫𝑘)

𝑧𝑛𝑘𝜋𝜅
𝑧𝑛𝑘3

𝑘=1

 𝜋𝑙
3
𝑙=1 N(𝒙𝑖|𝑫𝑙 , 𝝁𝑙) 𝑧𝑖𝑘=0,1

 

=
𝜋𝑘N(𝒙𝑖|𝝁𝜅 , 𝑫𝑘)

 𝜋𝑙N(𝒙𝑖|𝝁𝑙 , 𝑫𝑙)
3
𝑙=1

 

Expectation-Step 
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Now we have everything we need 

𝑝 𝑿, 𝒁, 𝒀 𝜃 = 𝑝 𝒙1, 𝒙2, ⋯ , 𝒙𝑁 , 𝒛1,𝒛2, ⋯ , 𝒛𝑁, 𝒀1, 𝒀2, ⋯ , 𝒀𝑁|𝜃  

= 𝑝 𝒙1, 𝒙2, ⋯ , 𝒙𝑁|𝒛1,𝒛2, ⋯ , 𝒛𝑁 , 𝒀1, 𝒀2, ⋯ , 𝒀𝑁, 𝜃𝑥  

to set the joint likelihood: 

𝑝(𝒛1,𝒛2, ⋯ , 𝒛𝑁 , 𝒀1, 𝒀2, ⋯ , 𝒀𝑁|𝜃𝑧) Conditional probability 

Prior probability 

Formulating the EM 
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𝑝 𝒛1,𝒛2, ⋯ , 𝒛𝑁, 𝒀1, 𝒀2, ⋯ , 𝒀𝑁 𝜃𝑧 = 𝑝 𝒀1, 𝒀2, ⋯ , 𝒀𝑁 𝒛1,𝒛2, ⋯ , 𝒛𝑁  

                                                             𝑝(𝒛1,𝒛2, ⋯ , 𝒛𝑁|𝜃𝑧) 

 𝑝 𝒀1, 𝒀2, ⋯ , 𝒀𝑁 𝒛1,𝒛2, ⋯ , 𝒛𝑁  

                               = 𝑝 𝒀𝑖  𝒛𝑖 , 𝜃𝒛

𝑁

𝑖=1

=  𝑝(𝒚𝑖𝑘)
𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

                               =  𝑁(𝒚𝑘𝑖|0, 𝐼)
𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

𝑝 𝒛1,𝒛2, ⋯ , 𝒛𝑁 𝜃𝑧 =  𝜋𝜅
𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

Formulating the EM 
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𝑝 𝒙1, 𝒙2, ⋯ , 𝒙𝑁|𝒛1,𝒛2, ⋯ , 𝒛𝑁, 𝒀1, 𝒀2, ⋯ , 𝒀𝑁, 𝜃𝑥 = 𝑝(𝒙𝑖|𝒛𝑖 , 𝒀𝑖 , 𝜃𝑥)

𝑁

𝑖=1

 

=  N(𝒙𝑖|𝑾𝑘𝒚𝑖𝒌 + 𝝁𝜿, 𝜎𝜅
2)𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

Hence the likelihood becomes: 

𝑝 𝑿, 𝒁, 𝒀 𝜃  

=  N(𝒙𝑖|𝑾𝑘𝒚𝑖𝑘 + 𝝁𝜅 , 𝜎𝜅
2)𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

  𝑁(𝒚𝑘𝑖|0, 𝑰)
𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

  𝜋𝜅
𝑧𝑖𝑘

3

𝑘=1

𝑁

𝑖=1

 

Formulating the EM 

19 



 Stefanos Zafeiriou        Adv. Statistical Machine Learning (course 495) 

ln 𝑝 𝑿, 𝒁, 𝒀 𝜃 =  𝑧𝑖𝑘ln N(𝒙𝑖|𝑾𝑘𝒚𝑖𝑘 + 𝝁𝜅 , 𝜎𝜅
2)

3

𝑘=1

𝑁

𝑖=1

+ 

+  𝑧𝑖𝑘ln N(𝒚𝑖𝑘|0, 𝐼)

3

𝑘=1

𝑁

𝑖=1

+  𝑧𝑖𝑘 ln 𝜋𝑘

3

𝑘=1

𝑁

𝑖=1

 

=  𝑧𝑖𝑘 −
1

2𝜎𝑘
2
𝒙𝑖 − 𝝁𝑘 −𝑾𝑘𝒚𝑖𝑘

𝑇 𝒙𝒊 − 𝝁𝒌 −𝑾𝒌𝒚𝒊𝒌 −
𝐹

2
ln 2𝜋 − 𝐹 ln𝜎

3

𝑘=1

𝑁

𝑖=1

 

+  𝑧𝑖𝑘 −
1

2
𝒚𝒊𝒌
𝑻𝒚𝒊𝒌 −

𝑑

2
ln 2𝜋

3

𝑘=1

𝑁

𝑖=1

+  𝑧𝑖𝑘 ln 𝜋𝑘

3

𝑘=1

𝑁

𝑖=1

 

Formulating the EM 
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Taking the expectations: 

=  𝐸[𝑧𝑖𝑘] 

3

𝑘=1

𝑁

𝑖=1

[−
1

2𝜎𝑘
2
( 𝑥𝑖 − 𝜇𝑘

2
− 𝐸[𝑦𝑖𝑘]

𝑇𝑊𝑘
𝑇 𝑥𝑖 − 𝜇𝑘  

+tr(𝑊𝑘
𝑇𝑊𝑘𝐸[𝑦𝑖𝑘𝑦𝑖𝑘

𝑇
]) −
𝐹

2
ln 2𝜋 − 𝐹 ln𝜎] 

+  𝐸[𝑧𝑖𝑘] −
1

2
tr(𝐸[𝑦𝑖𝑘𝑦𝑖𝑘

𝑇]) −
𝑑

2
ln 2𝜋

3

𝑘=1

𝑁

𝑖=1

+  𝐸[𝑧𝑖𝑘] ln 𝜋𝑘

3

𝑘=1

𝑁

𝑖=1

 

𝐸[ln 𝑝 𝑿, 𝒁, 𝒀 𝜃 ] 

Formulating the EM 
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𝜋𝜅 =
 𝐸 𝑧𝑖𝑘
𝑁
𝑖=1

𝛮
 

𝜇𝑘 =
 𝐸 𝑧𝑖𝑘 (𝑥𝑖 −𝑊𝑘𝐸 𝑦𝑖𝑘 )
𝑁
𝑖=1

 𝐸 𝑧𝑖𝑘
𝑁
𝑖=1

 

𝑊𝑘 =  𝐸 𝑧𝑖𝑘

𝑁

𝑖=1

(𝑥𝑖 − 𝜇𝑘)𝐸[𝑦𝑖𝑘]
𝑇  𝐸 𝑧𝑖𝑘

𝑁

𝑖=1

𝐸[𝑦𝑖𝑘𝑦𝑖𝑘
𝑇]

−1

 

𝜎𝑘
2 = 

1

𝐹 𝐸 𝑧𝑖𝑘
𝑁
𝑖=1

 𝐸 𝑧𝑖𝑘 ( 𝑥𝑖 − 𝜇𝑘
2
− 𝐸[𝑦𝑖𝑘]

𝑇𝑊𝑘
𝑇 𝑥𝑖 − 𝜇𝑘 + tr(𝑊𝑘

𝑇𝑊𝑘𝐸[𝑦𝑖𝑘𝑦𝑖𝑘
𝑇
])) 

𝑁

𝑖=1

 

Maximization Step 
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Initialize 𝜃𝑥 = {𝑾1,𝑾2,𝑾3, 𝝁1, 𝝁2, 𝝁3, 𝜎1
2, 𝜎2
2, 𝜎3
2} 

𝜃𝑧 = {𝜋1, 𝜋2, 𝜋3} 

E-Step: 

𝐸[𝑧𝑖𝑘] =
𝜋𝑘N(𝒙𝑖|𝝁𝜿, 𝑫𝒌)

 𝜋𝑙N(𝒙𝑖|𝝁𝜿, 𝑫𝒌)
3
𝑙=1

 𝑫𝒌 = 𝑾𝒌𝑾𝒌
𝑻 + 𝝈𝒌

𝟐𝑰 

𝐸 𝒚𝒊𝒌 = 𝑴𝒌
−1𝑾𝒌

𝑻 𝒙𝒊 − 𝝁𝜿  𝑴𝒌 = 𝑾𝒌
𝑻𝑾𝒌 + 𝝈𝒌

𝟐𝑰 

𝐸[𝒚𝑖𝑘𝒚𝒊𝒌
𝑇] = 𝜎𝑘

2𝑴𝑘
−1+𝐸 𝒚𝑖𝑘)𝐸(𝒚𝑖𝑘

𝑇  

Summary 
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M-Step: 

𝜋𝜅 =
 𝐸 𝑧𝑖𝑘
𝑁
𝑖=1

𝛮
 

𝝁𝑘 =
 𝐸 𝑧𝑖𝑘 (𝒙𝑖 −𝑾𝑘𝐸 𝒚𝑖𝑘 )
𝑁
𝑖=1

 𝐸 𝒛𝑖𝑘
𝑁
𝑖=1

 

𝑾𝑘 =  𝐸 𝑧𝑖𝑘

𝑁

𝑖=1

(𝒙𝑖 − 𝝁𝑘)𝐸[𝒚𝑖𝑘]
𝑇  𝐸 𝑧𝑖𝑘

𝑁

𝑖=1

𝐸[𝒚𝑖𝑘𝒚𝑖𝑘
𝑇]

−1

 

𝜎𝑘
2 = 

1

𝐹 𝐸 𝑧𝑖𝑘
𝑁
𝑖=1

 𝐸 𝑧𝑖𝑘 ( 𝒙𝑖 − 𝝁𝑘
2
− 𝐸[𝒚𝑖𝑘]

𝑇𝑾𝑘
𝑇 𝒙𝑖 − 𝝁𝑘 + tr(𝑾𝑘

𝑇𝑾𝑘𝐸[𝒚𝑖𝑘𝒚𝑖𝑘
𝑇
])) 

𝑁

𝑖=1
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Summary 

• In the EM for single PPCA we have only one latent variable per 

observation 𝒚𝑖  

• The  EM for mixture PPCA we have a latent vector 𝒛𝑖 per 

sample (i.e., the identity of the cluster) and we have an latent 

variable 𝒚𝑖𝑘 for each of the elements 𝑧𝑖𝑘 of 𝒛𝑖. 

•  We need to compute the expectations 𝐸[𝑧𝑖𝑘], 𝐸 𝒚𝑖𝑘 , 𝐸[𝒚𝑖𝑘𝒚𝑖𝑘
𝑇] 
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