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Optimization: 

 

 𝑾𝑜 = arg𝑚𝑖𝑛/𝑚𝑎𝑥𝑾  𝑓(𝑾) 

How to solve the unconstraint optimization problem? 

 
𝑑𝑓 𝑾

𝑑𝑾
= 𝟎 Solve:  

Gradient Descent: 𝑾(𝑡) = 𝑾(𝑡−1) − 𝜆 𝑡−1
𝑑𝑓 𝑾

𝑑𝑾
|𝑾=𝑾(𝑡−1) 

(Very) Basics on Optimization 
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A simple unconstrained example 

Example: 

 

𝑾𝑜 = arg𝑚𝑖𝑛𝑾  𝑓 𝑾 = | 𝑿 −𝑾𝑯 |𝐹
2  

𝑑𝑓 𝑾

𝑑𝑾
=
𝑑| 𝑿 −𝑾𝑯 |𝐹

2

𝑑𝑾
= 𝟎 

Solve:  
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A simple unconstrained example 

| 𝑿 −𝑾𝑯 |𝐹
2 = 𝑡𝑟[(𝑿 −𝑾𝑯)𝑇 𝑿 −𝑾𝑯 ] 

3 

= 𝑡𝑟[𝑿𝑻𝑿 − (𝑾𝑯)𝑻𝑿 − 𝑿𝑻 𝑾𝑯 + (𝑾𝑯)𝑻𝑾𝑯] 

= 𝑡𝑟[𝑿𝑻𝑿] − 2𝑡𝑟[ 𝑾𝑯)𝑻𝑿 + 𝑡𝑟[𝑾𝑯𝑯𝑇𝑾𝑇] 

= 𝑡𝑟[𝑿𝑻𝑿] − 2𝑡𝑟[𝑿𝑯𝑻𝑾𝑻] + 𝑡𝑟[𝑾𝑯𝑯𝑇𝑾𝑇] 

𝑑𝑡𝑟[𝑿𝑯𝑻𝑾𝑻] 

𝑑𝑾
= 𝑿𝑯𝑻 

𝑑𝑡𝑟[𝑾𝑯𝑯𝑇𝑾𝑇]

𝑑𝑾
= 𝑾𝑯𝑯𝑇 

𝑑| 𝑿 −𝑾𝑯 |𝐹
2

𝑑𝑾
= −2𝑿𝑯𝑻 + 2𝑾𝑯𝑯𝑇 = 𝟎 𝑾 = 𝑿𝑯𝑻(𝑯𝑯𝑇)−𝟏 
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Example: 

 

𝑾𝑜 = arg𝑚𝑖𝑛𝑾  𝑓 𝑾 = | 𝑿 −𝑾𝑯 |𝐹
2  

Gradient Descent: 

𝑾(𝑡) = 𝑾(𝑡−1) − 𝜆 𝑡−1
𝑑𝑓 𝑾

𝑑𝑾
|𝑾=𝑾(𝑡−1) 

𝑾(𝑡) = 𝑾(𝑡−1) − 𝜆 𝑡−1 (−2𝑿𝑯𝑻 + 2𝑾(𝑡−1)𝑯𝑯𝑇) 

A simple unconstrained example 



                               Stefanos Zafeiriou      Adv. Statistical Machine Learning(495) 

Optimization with constraints 

Optimization problem: 

 

 𝒘𝑜 = arg𝑚𝑖𝑛/𝑚𝑎𝑥𝒘  𝑓 𝒘     
 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝒈 𝒘 = 𝟎 

How to solve the constraint optimization problem? 
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𝒘𝑜 = arg𝑚𝑎𝑥𝒘 𝒘
𝑇𝑨𝒘  

 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝒘𝑇𝒘− 1 = 0 

A simple constrained example 

Solve: 

 

 

Formulate the Lagrangrian : 

 

 𝐿 𝒘, 𝜆 = 𝒘𝑇𝑨𝒘 − 𝜆(𝒘𝑇𝒘− 1) 

𝑑𝐿 𝒘, 𝜆

𝑑𝑾
= 0 𝑨𝒘 = 𝜆𝒘 Solve: 

 

 


