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Problem: Assume that we are given a multivariate Gaussian distribution

p(x) = 1√
(2π)F |Σ|

exp
{
− (x− µ)

T
Σ−1 (x− µ)

}
. Let x =

[
x1

x2

]
we want to

find p(x1|x2).

Solution: Let us define

Σ =

[
Σ11 Σ12

Σ21 Σ22

]
=

[
Σ11 Σ12

ΣT
12 Σ22

]
⇒

Σ−1 =

[
S−1 −S−1Σ12Σ

−1
22

−Σ−122 ΣT
12S
−1 Σ−122 + Σ−122 ΣT

12S
−1Σ−122

]
=

[
A B

BT D

]
and S = Σ11 −Σ12Σ

−1
22 ΣT

12.

Using the Schur complement we can compute the determinant as

Σ =

[
Σ11 Σ12

ΣT
12 Σ22

]
⇒ |Σ| = |Σ11 −Σ12Σ

−1
22 Σ21| · |Σ22|

Using the Bayes rule p(x1|x2) =
p(x)
p(x2)

.

p(x2) =

∫
x1

p(x)dx1 =

∫
x1

1√
(2π)F |Σ|

exp

{
−1

2

([
x1

x2

]
− µ

)T
Σ−1

([
x1

x2

]
− µ

)}
dx1

Let us now examine closely what is inside the exp function.
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([
x1

x2

]
− µ

)T [
A B

BT D

]([
x1

x2

]
− µ

)
=




x̃1︷ ︸︸ ︷
x1 − µ
x2 − µ︸ ︷︷ ︸

x̃2



T [

A B

BT D

]


x̃1︷ ︸︸ ︷
x1 − µ
x2 − µ︸ ︷︷ ︸

x̃2




= [x̃T1 A + x̃T2 BT x̃T1 B + x̃T2 D]

[
x̃1

x̃2

]
= x̃T1 Ax̃1 + x̃T2 BT x̃1 + x̃T1 Bx̃2 + x̃T2 Dx̃2︸ ︷︷ ︸

C1

= x̃T1 Ax̃1 + 2x̃T2 BT (x1 − µ1) + C1

= xT1 Ax1 − 2µT1 Ax1 + µT1 Aµ1︸ ︷︷ ︸+2x̃T2 BTx1 − 2x̃T2 BTµ1︸ ︷︷ ︸+ C1︸︷︷︸
Let define the constant C2 = C1 + µT1 Aµ1 − 2x̃T2 BTµ1

Let’s we examine the part

xT1 Ax1 − 2µT1 Ax1 + 2x̃T2 BTx1 = xT1 Ax1 − 2(Aµ1 − Bx̃2)
T
x1. (1)

Our aim is to write the above (1) in a form as
(x1 − ρ)TA(x1 − ρ) = xT1 Ax1 − 2ρTAx1 + ρTρ.

Now we need to apply the ”completing the square” principle as

xT1 Ax1 − 2 (µ1 −A−1Bx̃2)
T︸ ︷︷ ︸

ρ

Ax1 + ρTAρ− ρTAρ

.
Hence, (1) can be written as

(x1 − ρ)TA(x1 − ρ) + C3

where C3 = −ρTAρ.
Now let’s have a closer look at the constant terms (constant terms with regards to

x1)

C2 − ρTAρ =C2 − (µ1 −A−1Bx̃2)
TA(µ1 −A−1Bx̃2)

= C2 − [µT1 Aµ1 − 2µT1 Bx̃2 + x̃T2 BTA−1Bx̃2]

=���
�

µT1 Aµ1 −���
�

2µT1 Bx̃2 + x̃T2 Dx2 − [���
�

µT1 Aµ1 −���
�

2µT1 Bx̃2 + x̃T2 BTA−1Bx̃2]

=x̃T2 (D−BTA−1B)x̃2

Hence, the quadratic term inside the exponential exp can be written as([
x1

x2

]
− µ

)T [
A B

BT D

]([
x1

x2

]
− µ

)
=

= (x1 − (µ1 −A−1B(x2 − µ2))
TA(x1 − (µ1 −A−1B(x2 − µ2)︸ ︷︷ ︸

used to define p(x1|x2)

) + (x2 − µ2)
T (D−BTA−1B)(x2 − µ2)︸ ︷︷ ︸
used to define p(x2)
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Using Schur complement we can simplify the above as

D−BTA−1B = Σ−122 +(((
((((

(((
Σ−122 ΣT

12S
−1Σ12Σ

−1
22 −(((((

((((
(

Σ−122 ΣT
12S
−1Σ12Σ

−1
22 = Σ−122

Hence, the second part is

(x2 − µ2)
T (D−BTA−1B)(x2 − µ2) = (x2 − µ2)

TΣ−122 (x2 − µ2)

Furthermore, since

A = (Σ11 −Σ12Σ
−1
22 ΣT

12)
−1 Schur complement

A−1B = −A−1AΣ12Σ
−1
22

Then, the first part can be written as

(x1−(µ1 + Σ12Σ
−1
22 (x2 − µ2)︸ ︷︷ ︸
µ

)T (Σ11 −Σ12Σ
−1
22 ΣT

12︸ ︷︷ ︸
Σ

)−1(x1−(µ1 + Σ12Σ
−1
22 (x2 − µ2)︸ ︷︷ ︸
µ

)

Hence, the quadratic part can be written as

(x1 − µ̃)TΣ
−1

(x1 − µ̃) + (x2 − µ2)
TΣ−122 (x2 − µ2)

Using the above the initially probability can written as

p(x2) =

∫
x1

1√
(2π)F |Σ|

exp

{
−1

2
(x1 − µ)TΣ

−1
(x1 − µ)− 1

2
(x2 − µ2)

TΣ−122 (x2 − µ2)

}
dx1

=

∫
x1

1√
(2π)F1+F2 |Σ||Σ22|

exp

{
−1

2
(x1 − µ)TΣ

−1
(x1 − µ)

}
exp

{
−1

2
(x2 − µ2)

TΣ−122 (x2 − µ2)

}
dx1

=
1√

(2π)F2 |Σ22|
exp

{
−1

2
(x2 − µ2)

TΣ−122 (x2 − µ2)

}

���
���

���
���

���
���

���
���

�:1∫
x1

1√
(2π)F1 |Σ|

exp

{
−1

2
(x1 − µ)TΣ

−1
(x1 − µ)

}
dx1 .

From the above it is evident that

p(x2) =
1√

(2π)F2 |Σ22|
exp

{
−1

2
(x2 − µ2)

TΣ−122 (x2 − µ2)

}
(2)

and

p(x1|x2) =
1√

(2π)F1 |Σ|
exp

{
−1

2
(x1 − µ)TΣ

−1
(x1 − µ)

}
. (3)
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