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Tutorial on Expectation Maximization (Example) 

 

Expectation Maximization (Intuition) 

Expectation Maximization (Maths) 
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• Assume that we have two coins, C1 and C2 
 

• Assume the bias of C1 is 𝜃1  

                (i.e., probability of getting heads with C1) 
 

• Assume the bias of C2 is 𝜃2  

                (i.e., probability of getting heads with C2) 

•We want to find 𝜃1, 𝜃2 by performing a number of trials  

             (i.e., coin tosses) 

EM: the intuition 
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First experiment 

• We choose 5 times one of the coins.  

• We toss the chosen coin 10 times 

𝜃1 =
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ℎ𝑒𝑎𝑑𝑠 𝑢𝑠𝑖𝑛𝑔 𝐶1

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑓𝑙𝑖𝑝𝑠 𝑢𝑠𝑖𝑛𝑔 𝐶1
 

𝜃2 =
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ℎ𝑒𝑎𝑑𝑠 𝑢𝑠𝑖𝑛𝑔 𝐶2

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑓𝑙𝑖𝑝𝑠 𝑢𝑠𝑖𝑛𝑔 𝐶2
 

EM: the intuition 
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𝜃1 =
24

24 + 6
= 0.8 

𝜃2 =
9

9 + 11
= 0.45 

EM: the intuition 
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Assume a more challenging problem 

•We do not know the identities  

of the  coins used for each  

set of tosses (we treat them as  

hidden variables). 

EM: the intuition 
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EM: the intuition 
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𝑝 𝑋1, 𝑋2, ⋯ , 𝑋5, 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃  
= 𝑝( 𝑥1

1, ⋯ , 𝑥1
10 , ⋯ , 𝑥5

1, ⋯ , 𝑥5
10 , 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃) 

= 𝑝( 𝑥1
1, ⋯ , 𝑥1

10 , ⋯ , 𝑥5
1, ⋯ , 𝑥5

10 |𝒛1,𝒛2, ⋯ , 𝒛5, 𝜃) 𝑝(𝒛1,𝒛2, ⋯ , 𝒛5) 

= 𝑝( 𝑥𝑖
1, ⋯ , 𝑥𝑖

10 |𝒛𝑖 , 𝜃)

5

𝑖=1

  𝑝(𝒛𝑖)

5

𝑖=1

 

𝒛𝑖 =
𝑧𝑖1
𝑧𝑖2
∈
1
0
,
0
1

 

𝑝 𝒛𝑖 = 𝜋𝜅
𝑧𝑖𝑘

2

𝑘=1

 𝜋𝜅 is the probability of selecting coin 𝑘 ∈ {1,2} 

𝑝 𝑥𝑖
1, ⋯ , 𝑥𝑖

10 𝒛𝑖 , 𝜃 = 𝑝(𝑥𝑖
𝑗|𝒛𝑖 , 𝜃)

10

𝑗=1

 

EM: the Maths (setting the joint) 
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𝑝 𝑥𝑖
𝑗 𝒛𝑖 , 𝜃 = 𝜃𝑘

𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘

2

𝑘=1

 

𝑥𝑖
𝑗 = 1 If 𝑗 toss of 𝑖 run is head 

𝑥𝑖
𝑗 = 0 If 𝑗 toss of 𝑖 run is head 

𝑝 𝑋1, 𝑋2, ⋯ , 𝑋5, 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃  

=   𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘

2

𝑘=1

  𝜋𝜅
𝑧𝑖𝑘

2

𝑘=1

5

𝑖=1

10

𝑗=1

5

𝑖=1

 

then 

EM: the Maths (setting the joint) 
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l𝑛 𝑝 𝑋1, 𝑋2, ⋯ , 𝑋5, 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃  

=   𝐸𝑝(𝑍|𝑋)[𝑧𝑖𝑘]ln 𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗

2

𝑘=1

10

𝑗=1

5

𝑖=1

 

𝐸𝑝(𝑍|𝑋) ln 𝑝 𝑋1, 𝑋2, ⋯ , 𝑋5, 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃  

=   𝑧𝑖𝑘ln 𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗

2

𝑘=1

+  𝑧𝑖𝑘 ln 𝜋𝜅

2

𝑘=1

5

𝑖=1

10

𝑗=1

5

𝑖=1

 

Taking the expectation of the above 

+  𝐸𝑝(𝑍|𝑋)[𝑧𝑖𝑘] ln 𝜋𝜅

2

𝑘=1

5

𝑖=1

 

EM: the Maths (computing the expectation) 
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𝐸𝑝(𝒁|𝑿)[𝑧𝑖𝑘] = ⋯ 𝑧𝑖𝑘
𝒛5𝒛1

𝑝 𝒁 𝑿, 𝜃 = 𝑧𝑖𝑘𝑝(𝒛𝑖| 𝑥𝑖
1, ⋯ , 𝑥𝑖

10

𝒛𝑖

) 

𝑝 𝒁 𝑿, 𝜃 = 𝑝 𝒛1,𝒛2, ⋯ , 𝒛5|𝑋1, 𝑋2, ⋯ , 𝑋5, 𝜃  

𝑝 𝒛𝑖 𝑥𝑖
1, ⋯ , 𝑥𝑖

10 =
𝑝 𝑥𝑖
1, ⋯ , 𝑥𝑖

10 𝒛𝑖 , 𝜃 𝑝(𝒛𝑖)

𝑝( 𝑥𝑖
1, ⋯ , 𝑥𝑖

10 |𝜃)
 

=
  𝜃𝑘

𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1

   𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1𝒛𝑖

 

EM: Expectation Step 

10 



 Stefanos Zafeiriou        Adv. Statistical Machine Learning (course 495) 

𝐸𝑝(𝒁|𝑿)[𝑧𝑖𝑘] =   𝑧𝑖𝑘
𝒛𝑖

  𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1

   𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1𝒛𝑖

 

= 
 𝑧𝑖𝑘𝒛𝑖   𝜃𝑘

𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1

   𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗 𝑧𝑖𝑘2

𝑘=1 𝜋𝜅
𝑧𝑖𝑘10

𝑗=1𝒛𝑖

 

= 
𝜋𝜅 𝜃𝑘

𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗10

𝑗=1

𝜋1 𝜃1
𝑥𝑖
𝑗
(1 − 𝜃1)

1−𝑥𝑖
𝑗10

𝑗=1 + 𝜋2 𝜃2
𝑥𝑖
𝑗
(1 − 𝜃2)

1−𝑥𝑖
𝑗10

𝑗=1

 

EM: Expectation Step 
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𝜋1 =
1

2
 𝜋2 =

1

2
 

𝐸𝑝(𝒁|𝑿)[𝑧𝑖𝑘] =  
 𝜃𝑘

𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗10

𝑗=1

 𝜃1
𝑥𝑖
𝑗
(1 − 𝜃1)

1−𝑥𝑖
𝑗10

𝑗=1 + 𝜃2
𝑥𝑖
𝑗
(1 − 𝜃2)

1−𝑥𝑖
𝑗10

𝑗=1

 

Expectation (E) Step (fix θ):  

EM: Expectation Step 
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Maximization Step (fix 𝐸𝑝(𝒁|𝑿)[𝑧𝑖𝑘] ):  

max 𝐿 𝜃 = 𝐸𝑝(𝑍|𝑋) ln 𝑝 𝑋1, 𝑋2, ⋯ , 𝑋5, 𝒛1,𝒛2, ⋯ , 𝒛5|𝜃  

=   𝐸𝑝(𝑍|𝑋)[𝑧𝑖𝑘]ln 𝜃𝑘
𝑥𝑖
𝑗
(1 − 𝜃𝑘)

1−𝑥𝑖
𝑗

2

𝑘=1

10

𝑗=1

5

𝑖=1

 

+  𝐸𝑝(𝑍|𝑋)[𝑧𝑖𝑘] ln 𝜋𝜅

2

𝑘=1

5

𝑖=1

 

=   𝐸𝑝(𝑍|𝑋)[𝑧𝑖𝑘](𝑥𝑖
𝑗ln𝜃𝑘 + 1 − 𝑥𝑖

𝑗 ln(1 − 𝜃𝑘))

2

𝑘=1

10

𝑗=1

5

𝑖=1

+ 𝑐𝑜𝑛𝑠𝑡 

EM: Maximization Step 
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𝑑𝐿 𝜃

𝑑𝜃1
=  𝐸𝑝(𝑍|𝑋)[𝑧𝑖1](𝑥𝑖

𝑗
1

𝜃1
− 1 − 𝑥𝑖

𝑗

10

𝑗=1

5

𝑖=1

1

1 − 𝜃1
) = 0 

  𝐸𝑝(𝑍|𝑋)[𝑧𝑖1](𝑥𝑖
𝑗(1 − 𝜃1) − 1 − 𝑥𝑖

𝑗

10

𝑗=1

5

𝑖=1

𝜃1) = 0 

𝜃1 =
  𝐸𝑝(𝑍|𝑋)[𝑧𝑖1]𝑥𝑖

𝑗10
𝑗=1

5
𝑖=1

 105
𝑖=1 𝐸𝑝(𝑍|𝑋)[𝑧𝑖1]

 𝜃2 =
  𝐸𝑝(𝑍|𝑋)[𝑧𝑖2]𝑥𝑖

𝑗10
𝑗=1

5
𝑖=1

 105
𝑖=1 𝐸𝑝(𝑍|𝑋)[𝑧𝑖2]

 

EM: Maximization Step 
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Clustering 
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Clustering 
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Gaussian Mixture Models 

Ν(𝒙|𝜮1, 𝝁1)  

𝛮(𝒙|𝜮2, 𝝁2)  

Ν(𝒙|𝜮3, 𝝁3)  
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We are given a set of un-labelled data 

We need to find 

Parameters {𝚺1, 𝚺2, 𝚺3, 𝝁1, 𝝁2, 𝝁3} 

and also 𝑝 𝑘 = 1 , 𝑝 𝑘 = 2 , 𝑝(𝑘 = 3) 

What are our hidden variables? 

𝒛𝑛 =
𝑧𝑛1
𝑧𝑛2
𝑧𝑛3
∈
1
0
0
,
0
1
0
,
0
0
1

 

e.g., 𝜋1 = 𝑝 𝑧1 = 1  

     = 𝑝 𝑘 = 1  
𝑝(𝒛𝑛) = 𝜋𝜅

𝑧𝑛𝑘

3

𝑘=1

 

Gaussian Mixture Models 
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The probability of a sample 𝒙𝑛is given  

by the sum rule:  

𝑝 𝒙𝑛 𝜃 =  𝑝 𝑧𝑛𝑘 = 1

3

𝑘=1

𝑝 𝒙𝑛 𝑧𝑛𝑘 = 1, 𝜃 =  𝜋𝑘

3

𝑘=1

𝑁(𝒙𝑛|𝝁𝑘 , Σ𝑘) 

𝑝 𝒙𝑛 𝑧𝑛𝑘 = 1, 𝜃 = 𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 

𝑝 𝒙𝑛 𝒛𝑛, 𝜃 = 𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 
𝑧𝑛𝑘

3

𝑘=1

 

Gaussian Mixture Models  
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Assume all data samples are independent.  

We, as always, formulate the joint likelihood. 

𝑝 𝑿, 𝒁 𝜃 = 𝑝 𝒙1, 𝒙2, ⋯ , 𝒙𝑁 , 𝒛1,𝒛2, ⋯ , 𝒛𝑁|𝜃  

= 𝑝(𝒙𝑛|𝒛𝑛, 𝜃𝑥)

𝑁

𝑛=1

 𝑝(𝒛𝑛|𝜃𝑧)

𝑁

𝑛=1

 

𝜃𝑥 = {𝚺1, 𝚺2, 𝚺3, 𝝁1, 𝝁2, 𝝁3} 

 𝜃𝑧 = {𝜋1, 𝜋2, 𝜋3} 

 
=  𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 

𝑧𝑛𝑘

3

𝑘=1

𝑁

𝑛=1

  𝜋𝜅
𝑧𝑛𝑘

3

𝑘=1

𝑁

𝑛=1

 

Gaussian Mixture Models 
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ln 𝑝 𝑿, 𝒁 𝜃 =   𝑧𝑛𝑘 ln 𝑁 𝒙𝑛 𝝁𝑘 , 𝚺𝑘 + ln 𝜋𝜅

3

𝑘=1

𝑁

𝑛=1

  

𝐸𝑝(𝒁|𝑿,𝜃)[ln 𝑝 𝑿, 𝒁 𝜃 ] 

Gaussian Mixture Models(Expectation Step) 

=   𝐸𝑝(𝒁|𝑿,𝜃)[𝑧𝑛𝑘] ln 𝑁 𝒙𝑛 𝝁𝑘 , 𝚺𝑘 + ln 𝜋𝜅

3

𝑘=1

𝑁

𝑛=1

 

Applying operator 𝐸𝑝(𝒁|𝑿,𝜃)  

We need to compute 𝐸𝑝(𝒁|𝑿,𝜃)[𝑧𝑛𝑘] 
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𝐸𝑝(𝒁|𝑿,𝜃) 𝑧𝑛𝑘 = ⋯ 𝑧𝑛𝑘
𝑧Ν𝑧1

𝑝 𝒁 𝑿, 𝜃𝑜𝑙𝑑

= 𝑧𝑛𝑘𝑝 𝒛𝑛 𝒙𝑛, 𝜃
𝑜𝑙𝑑

𝑧𝑛

 

𝑝 𝒛𝑛 𝒙𝑛, 𝜃
𝑜𝑙𝑑 =
𝑝(𝒙𝑛, 𝒛𝑛|𝜃

𝑜𝑙𝑑)

𝑝(𝒙𝑛|𝜃
𝑜𝑙𝑑)
=
𝑝 𝒙𝑛 𝒛𝑛, 𝜃

𝑜𝑙𝑑 𝑝(𝒛𝑛|𝜃
𝑜𝑙𝑑)

𝑝(𝒙𝑛|𝜃
𝑜𝑙𝑑)

 

=
 𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 

𝑧𝑛𝑘𝜋𝜅
𝑧𝑛𝑘3

𝑘=1

  𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 
𝑧𝑛𝑘𝜋𝜅

𝑧𝑛𝑘3
𝑘=1𝑧𝑛𝑘

 

Gaussian Mixture Models (Expectation Step) 
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𝐸𝑝(𝒁|𝑿,𝜃) 𝑧𝑛𝑘 = 𝑧𝑛𝑘𝑝 𝒛𝑛 𝒙𝑛, 𝜃
𝑜𝑙𝑑

𝒛𝑛

 

=
 𝑧𝑛𝑘𝒛𝑛

 𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 
𝑧𝑛𝑘𝜋𝜅

𝑧𝑛𝑘3
𝑘=1

  𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘) 
𝑧𝑛𝑘𝜋𝜅

𝑧𝑛𝑘3
𝑘=1𝑧𝑛𝑘

 

=
𝜋𝑘𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘)

 𝜋𝑙𝑁(𝒙𝑛|𝝁𝑙 , 𝚺𝑙)
3
𝑙=1

 

Gaussian Mixture Models (Expectation Step) 
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Gaussian Mixture Models (Maximization Step) 

G 𝜃 = 𝐸𝑝(𝒁|𝑿,𝜃)[ln 𝑝 𝑿, 𝒁 𝜃 ] 

=   𝐸𝑝(𝒁|𝑿,𝜃)[𝑧𝑛𝑘] ln 𝑁 𝒙𝑛 𝝁𝑘 , 𝚺𝑘 + ln 𝜋𝜅

3

𝑘=1

𝑁

𝑛=1

 

=   𝛾(𝑧𝑛𝑘)  −
1

2
𝒙𝑛 − 𝝁𝜅

Τ𝚺𝜅
−1 𝒙𝑛 − 𝝁𝜅

3

𝑘=1

𝑁

𝑛=1

−
1

2
𝐹 ln 2𝜋 + ln |𝚺𝜅| + ln 𝜋𝜅  

𝑑𝐺 𝜃

𝑑 𝝁𝑘
= 0 

𝑑𝐺 𝜃

𝑑 𝚺𝑘
= 0 
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𝑑𝐺 𝜃

𝑑 𝝁𝑘
=  𝛾(𝑧𝑛𝑘)Σ𝜅

−1 𝒙𝑛 − 𝝁𝜅

𝑁

𝑛=1

= 0 

 𝜇𝜅 =
 𝛾(𝑧𝑛𝑘)𝒙𝒏
𝑁
𝑛=1

 𝛾(𝑧𝑛𝑘)
𝑁
𝑛=1

 

𝑑𝐺 𝜃

𝑑 𝚺𝑘
=  𝛾(𝑧𝑛𝑘) 𝒙𝑛 − 𝝁𝜅 𝒙𝑛 − 𝝁𝜅

Τ − 𝚺𝑘

𝑁

𝑛=1

= 0 

 𝜮𝑘 =
 𝛾(𝑧𝑛𝑘) 𝒙𝑛 − 𝝁𝜅 𝒙𝑛 − 𝝁𝜅

Τ𝑁
𝑛=1

 𝛾(𝑧𝑛𝑘)
𝑁
𝑛=1

 

Gaussian Mixture Models (Maximization Step) 
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𝐺 𝜃 =   𝛾(𝑧𝑛𝑘)  −
1

2
𝒙𝑛 − 𝝁𝜅

Τ𝚺𝜅
−1 𝒙𝑛 − 𝝁𝜅

3

𝑘=1

𝑁

𝑛=1

−
1

2
𝐹 ln 2𝜋 + ln |𝚺𝜅| + ln 𝜋𝜅  

s.t.     𝜋𝑘 = 1
3
𝑘=1  

L 𝜃 = G 𝜃 − 𝜆( 𝜋𝑘 − 1

3

𝑘=1

) 

𝑑L 𝜃

𝑑𝜋𝑘
= 0  𝜋𝜅 =

 𝛾 𝑧𝑛𝑘
𝑁
𝑛=1

𝛮
 

Gaussian Mixture Models (Maximization Step) 
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Summary 

𝜃𝑥 = {Σ1, Σ2, Σ3, 𝜇1, 𝜇2, 𝜇3} 

 𝜃𝑧 = {𝜋1, 𝜋2, 𝜋3} 

 

Initialize 

Expectation Step: 𝛾(𝑧𝑛𝑘) =
𝜋𝑘𝑁(𝒙𝑛|𝝁𝑘 , 𝚺𝑘)

 𝜋𝑙𝑁(𝒙𝑛|𝝁𝑙 , 𝚺𝑙)
3
𝑙=1

 

Maximization 

Step: 

𝜋𝜅 =
 𝛾 𝑧𝑛𝑘
𝑁
𝑛=1

𝛮
 𝜇𝜅 =

 𝛾(𝑧𝑛𝑘)𝑥𝑛
𝑁
𝑛=1

 𝛾(𝑧𝑛𝑘)
𝑁
𝑛=1

 

Σ𝑘 =
 𝛾(𝑧𝑛𝑘) 𝒙𝑛 − 𝝁𝜅 𝒙𝑛 − 𝝁𝜅

Τ𝑁
𝑛=1

 𝛾(𝑧𝑛𝑘)
𝑁
𝑛=1

 


