Linear Dynamical Systems (Kalman Filters)

(a) Filtering and Smoothing in LDS
(b) EMin LDS
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Linear Dynamical Systems (LDS)
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Y1 =Ho tU u~N(ulo, P,)
Ve = AYr—1 T V¢ v~N@®|0,T)

Parameters: 68 = {W,A, uy, X, T, Py}
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Linear Dynamical Systems (LDS)
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First timestamp: p(¥1) = N(y41|po, Po)

Transition Probability : p(y:|y:—1) = N(y;|Ay;_1,T)
Emission: p(x:|y:) = N(x:|Wy;, )
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HMM vs LDS

HMM LDS
Markov Chain Markov Chain
with discrete latent variables with continuous latent variables
p(y1) w Kx1 p(y1) = N(y1luo, Py)
pVelye-1) A KxK P(Velye-1) = N(y¢lAy:—1,T)
p(x¢|ye) B LxK p(x¢lye) = N(x;[Wy,, %)
or

p(x¢|y:) K distributions
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LDS
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fiering I pP(Yelx1, x, ..., x¢)
f
: D(Ve_elX1, Xp, oo, Xe)
fixed-lag e t—TI 1)y A2) sy At
smoothing ﬂ
fredinerel s P(Vel¥1, X2, -, X7)
smoothing 1
(offline)
t
p[’gdig{ign _ p(yt+6|x1) xZ) "')xt)
ﬂ] p(xt+5|x1)x2) ---;xt)
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Filtering

Filtering:  a(y,) = p(y¢lxq, x5, ..., X¢)

The filtered probability is a Gaussian: a(y;) = N(y:|us V)

Hence we need to recursively compute: u,, V,

mg = p(x¢|z;) 2 a(z¢—1)p(2¢]ze—1)

cea(y:) = p(x¢|ye) j A(Ve—1) PYVe|Ye—1)dye—1
Yt-1
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Filtering

j&(J’t—1)P(Yt|Yt—1)dYt—1
Yt-1

= fN(ytlAYt—l»F)N(yt—llﬂt—l: Vi_)dye—1

= N(y¢|lApe-1,Pe—1)

Using the technique “completing the square

P, {=AV,_ (AT +T
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Filtering

ce@(y:) = N(xeWye, )N (YelAye—1,Pe—1)

CtN(yti”tJ V) = Nxp|Wy, 2)N(Ye|Ayi—1,Pe—1)

Which gives the updates:
pe = A1 + Ki(xg — WApR:_4)
Ve=(U - KW)P,_, Kalman Gain
K, =P,_ WI(WP,_WwT + )1
and:
ce = N(x¢|[WAp_1, WP,_ W' + %)
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Filtering

Start of the recursion

c1a(y1) =p(yp(x.1ly1)
ciN(y1lp1, V1) = N(y1lto, Po)N (X Wy, X)

which gives

H1 = po + Kq(xq — W)
Vi=U-K{W)P,
K, = P,WI (WP ,WT + )71

c; = N(x¢{ Wy, WP,WT + X)
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Smoothing

Smoothing: y(y,) = p(y.|x{, X5, ..., X7)

Y(ye) = a()’t)ﬁ()’t) = N(y:|m:, V\t)

We have computed a(y,) now let us compute 8 (y,) (backward step)

A~ Y A
f HMM ce+18(2¢) = Z B(Ziy )0 (X412t 41)P(Ze4112¢)

Zt41

Ct+1,é(yt)

= jIé(Yt+1)p(xt+1|yt+1)p(yt+1|yt)dyt+1

Yt+1
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Smoothing

YY) = NI, Vo)
After similar manipulations as in a(y,) we get the updates
e = pet)e(Be i — Ape)
Ve =Vt e(Vesr — Pl
Je =V A" (P)™

Its necessary to complete the forward step so that we have P,
and u; computed
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Smoothing

P(YVeot, YelXq, oy X7) =

EWi—1,¥e) = (€)1 Ve )P |YIPYe|Ye-1)B V)

Which is again a Gaussian

Yt-1

E(Ye-1,2¢) = N( ] |t Ry )

V. V.
. I, Rt:[ t/l\T ]t/l\ t
He = i Je-1V?) V:
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E: Step

r P o~
Ely.] = ] Ny:l\ue, V) dy: = iy
Yt

Ely.y."] =V, + 0t

ElyyeiT1 =V + l'/l\tl'Tt—\lT
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EM

Assume the sequence x4, X5, ", X
The complete likelihood is given by:
p(X,Y|9) — (x1»x2» xT;ylyZ; !yTle)

ﬂp(xdyt)p(yl) ﬂp(ytm )

= Inp(X,Y[6) = Inp(y1lpo, Po) + 2 Inp(y:|ys-1,A,T)
t=2

+ ) Inp(xcly,, W,E)

t=1
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EM

Now we take the expectation with regards to Y|X

= E[Inp(X,Y|0)]

In p(ytlyt—l! A! F)]
2

E[lnp(X,Y|0)] = E[Inp(y1|po, Po)] + E|
t

T
+E[2 Inp(x, |y, W, Z)]
t=1

T
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EM

To find u,, Pywe need the first term only

E[lnp(y1luo, Po)]
1 1 Tp —1
= —SIn |Pg| — E |2 01— 10)"Po " 01— 1t0)|

Taking the derivative of the above and making equal to zero
we get

po®" = Ely,]
Ponew = E[J’1J’1T] — E[)’1]E[3’1T]
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EM

To find A, 'we need the second term only

N
E[z lnp(ytlyt—liAi F)] - = 2 In Fl
t=2

N
—E1 —A 'r=1(y,—A
> (YVei—AYy:—1) (YVi—AYy:—1)
t=2

T T -1
AW = (; E [)’t)’t1T]> (; E [ytlytlT]>

T
1
reev = N—1 Z{E[J’thT] — A"VE[y,_1y."]
t=2

—E[yeye—1" 1A E[ye—1¥e—1"1(A™W)"}
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EM

To find C, W we need the third term only

[T
E z Inp(x;|y:, W, X)
t=1

N 1\ T y—1
=~ In|z| — EZ(x,f—Wyt) 21 (x~Wyy)
t=1
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EM

Taking the derivative and forcing to zero we get

T

wnew = zxtE J’t EE J’t)’t

t=1

Lnew = T Z{xtxt — W™YE|y,]x,

— xtE[yt jwnew 4 (WneW)TEly,y, " [W"eW}
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