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Linear Dynamical Systems (Kalman Filters) 

(a) Filtering and Smoothing in LDS 

(b) EM in LDS 
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𝜃 = {𝑾,𝑨, 𝝁0, 𝚺, 𝚪, 𝑷0} 

𝒙1 𝒙2 𝒙3 𝒙𝑇 

𝒚1 𝒚2 𝒚3 𝒚𝑇 

𝒙𝑡 = 𝐖𝒚𝑡 + 𝒆𝑡 

𝒚𝑡 = 𝑨𝒚𝑡−1 + 𝒗𝑡 

𝒚1 = 𝝁0 + 𝒖 

𝐞~𝑁(𝒆|𝟎, 𝚺) 

𝒗~𝑁(𝒗|𝟎, 𝚪) 

𝒖~𝑁 𝒖 𝟎,𝑷0  

Parameters: 
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Transition model 

Linear Dynamical Systems (LDS) 
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𝒙1 𝒙2 𝒙3 𝒙𝑇 

𝒚1 𝒚2 𝒚3 𝒚𝑇 

Linear Dynamical Systems (LDS) 

𝑝(𝒚1) = 𝑁(𝒚1|𝝁0, 𝑷0) 

𝑝(𝒚𝑡 𝒚𝑡−1 = 𝑁(𝒚𝑡|𝑨𝒚𝑡−1, 𝚪) 

𝑝(𝒙𝑡 𝒚𝑡 = 𝑁(𝒙𝑡|𝑾𝒚𝑡, 𝚺) Emission:  

Transition Probability :  

First timestamp:  
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HMM LDS 

Markov Chain  

with discrete latent variables    

Markov Chain  

with continuous latent variables    

𝑝 𝒚𝒕|𝒚𝒕−𝟏  

𝝅 𝑝 𝒚𝟏  

𝑝 𝒙𝒕|𝒚𝒕  

𝑨 

𝑩 

𝐾 distributions 𝑝 𝒙𝒕|𝒚𝒕  

or 

𝐿𝑥𝐾 

𝐾𝑥𝐾 

𝐾𝑥1 𝑝(𝒚1) = 𝑁(𝒚1|𝝁0, 𝑷0) 

𝑝(𝒚𝑡 𝒚𝑡−1 = 𝑁(𝒚𝑡|𝑨𝒚𝑡−1, 𝚪) 

𝑝(𝒙𝑡 𝒚𝑡 = 𝑁(𝒙𝑡|𝑾𝒚𝑡, 𝚺) 

HMM vs LDS 
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𝑝 𝒚𝑡 𝒙1, 𝒙2, … , 𝒙𝑡  

𝑝 𝒚𝑡 𝒙1, 𝒙2, … , 𝒙𝑇  

𝑝 𝒚𝑡−𝜏 𝒙1, 𝒙2, … , 𝒙𝒕  

𝑝 𝒚𝑡+𝛿 𝒙1, 𝒙2, … , 𝒙𝒕  

𝑝 𝒙𝑡+𝛿 𝒙1, 𝒙2, … , 𝒙𝒕  

LDS 
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𝑎 𝒚𝑡 = 𝑝 𝒚𝑡 𝒙1, 𝒙2, … , 𝒙𝑡  Filtering:  

𝑎 𝒚𝑡 = 𝑁(𝒚𝑡|𝝁𝒕, 𝑽𝒕) The filtered probability is a Gaussian:  

Hence we need to recursively compute: 𝝁𝒕, 𝑽𝒕  

𝑐𝑡𝑎 𝒚𝑡 = 𝑝(𝒙𝑡|𝒚𝑡)  𝑎 𝒚𝑡−1 p(𝒚𝑡|𝒚𝑡−1)d𝒚𝑡−1
𝒚𝑡−1

 

𝑐𝑡𝑎 𝒛𝑡 = 𝑝 𝒙𝑡 𝒛𝑡  𝑎 𝒛𝑡−1 𝑝 𝒛𝑡 𝒛𝑡−1
𝒛𝑡−1

 HMM 

Filtering 
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 𝑎 𝒚𝑡−1 p(𝒚𝑡|𝒚𝑡−1)d𝒚𝑡−1
𝒚𝑡−1

=  𝑁(𝒚𝑡|𝑨𝒚𝑡−1, 𝚪)𝑁(𝒚𝑡−1|𝝁𝑡−1, 𝑽𝑡−1)d𝒚𝑡−1

= 𝑁(𝒚𝑡|𝑨𝝁𝑡−1, 𝐏𝑡−1)  

Using the technique “completing the square   

𝑷𝒕−𝟏 = 𝑨𝑽𝒕−𝟏𝑨
𝑻 + 𝜞 

Filtering 
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𝑐𝑡𝑎 𝒚𝑡 = 𝑁(𝒙𝑡|𝑊𝒚𝑡 ,Σ)𝑁(𝒚𝑡|𝑨𝒚𝑡−1, 𝐏𝑡−1)  

𝝁𝒕 = 𝑨𝝁𝒕−𝟏 +𝑲𝒕(𝒙𝒕 −𝑾𝑨𝝁𝒕−𝟏) 

𝑽𝒕 = (𝑰 − 𝑲𝒕𝑾)𝑷𝒕−𝟏 

𝑐𝑡 = 𝑵(𝒙𝒕|𝑾𝑨𝝁𝒕−𝟏,𝑾𝑷𝒕−𝟏𝑾
𝑻 + 𝜮) 

𝒄𝒕𝑁(𝒚𝑡|𝝁𝒕, 𝑽𝒕) = 𝑁(𝒙𝑛|𝑾𝒚𝑡,Σ)𝑁(𝒚𝑡|𝑨𝒚𝑡−1, 𝐏𝑡−1)  

Which gives the updates: 

𝚱𝒕 = 𝑷𝒕−𝟏𝑾
𝑻(𝑾𝑷𝒕−𝟏𝑾

𝑻 + 𝜮)−𝟏 

and: 

Kalman Gain 

Filtering 
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𝑐1𝑎 𝒚1                = 𝑝 𝒚1 𝑝 𝒙1 𝒚1  

𝑐1𝑁 𝒚1 𝝁𝟏, 𝑽𝟏 = 𝑁(𝒚1|𝝁0, 𝑷0)𝑁(𝒙𝑡 |𝑾𝒚𝑡 ,Σ) 

𝝁𝟏 = 𝝁𝟎 +𝑲𝟏(𝒙𝟏 −𝑾𝝁𝟎) 

𝑽𝟏 = (𝑰 − 𝑲𝟏𝑾)𝑷𝟎 

𝑐1 = 𝑵(𝒙𝟏|𝑾𝝁𝟎,𝑾𝑷𝟎𝑾
𝑻 + 𝜮) 

𝚱𝟏 = 𝑷𝟎𝑾
𝑻(𝑾𝑷𝟎𝑾

𝑻 + 𝜮)−𝟏 

Start of the recursion 

which gives 

Filtering 
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γ 𝒚𝑡 = 𝑝 𝒚𝑡 𝒙1, 𝒙2, … , 𝒙𝛵  Smoothing:  

γ 𝒚𝑡 = 𝑎 𝒚𝑡 𝛽 𝒚𝑡 = Ν(𝒚𝑡|𝝁𝑡 ,𝑽𝑡 ) 

 
We have computed 𝑎 𝒚𝑡  now let us compute 𝛽 𝒚𝑡  (backward step)  

𝑐𝑡+1𝛽 𝒚𝑡

=  𝛽  (𝒚𝑡+1)p(𝒙𝑡+1|𝒚𝑡+1)p(𝒚𝑡+1|𝒚𝑡)d𝒚𝑡+1
𝒚𝑡+1

 

 

𝑐𝑡+1𝛽 𝒛𝑡 =  𝛽 𝒛𝑡+1 𝑝(𝒙𝑡+1|𝒛𝑡+1)𝑝(𝒛𝑡+1|𝒛𝑡)

𝒛𝑡+1

 HMM 

Smoothing 
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After similar manipulations as in 𝑎 𝒚𝑡  we get the updates 

γ 𝒚𝑡 = Ν(𝒚𝑡|𝝁𝑡 ,𝑽𝑡 ) 

𝝁𝑡 = 𝝁𝑡+𝑱𝑡(𝝁𝑡+1 −𝑨𝝁𝑡) 

𝑽𝑡 = 𝑽𝑡+𝑱𝑡(𝑽𝑡+1 −𝑷𝑡)𝑱𝑡
𝑇 

𝑱𝑡 = 𝑽𝑡𝑨
𝑇(𝑷𝑡)

−1 

Its necessary to complete the forward step so that we have 𝑷𝑡  

and 𝝁𝑡 computed 

Smoothing 
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𝜉 𝒚𝑡−1, 𝒚𝑡 = (𝒄𝑡)
−1𝑎  (𝒚𝑡−1)p(𝒙𝑡|𝒚𝑡)p(𝒚𝑡|𝒚𝑡−1)𝛽  (𝒚𝑡) 

𝑝 𝒚𝑡−1, 𝒚𝑡 𝒙1, … , 𝒙𝑇 = 

𝜉 𝒚𝑡−1, 𝒛𝑡 = 𝑁(
𝒚𝑡−1
𝒚𝑡

|𝝁 𝑡, 𝑹𝑡) 

𝑹𝑡 =
𝑽𝑡−1 𝑱𝑡−1𝑽𝑡 

(𝑱𝑡−1𝑽𝑡 )𝑇 𝑽𝑡 
 

𝝁 𝑡 =
𝝁𝑡−1 

𝝁𝑡 
 

Which is again a Gaussian 

Smoothing 
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𝐸 𝒚𝑡 =  Ν(𝒚𝑡|𝝁𝑡 ,𝑽𝑡 ) 𝑑 𝒚𝑡
𝒚𝑡

= 𝝁𝑛  

𝐸 𝒚𝑡𝒚𝑡−1
𝑇 = 𝑽𝑡 𝑱𝑡−1

𝑇 + 𝝁𝑡 𝝁𝑡−1 𝑇
 

𝐸 𝒚𝑡𝒚𝑡
𝑇 = 𝑽𝑡 +𝝁𝑡 𝝁𝑡 

𝑇
 

E: Step 
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𝑝 𝑿, 𝒀 𝜃 = 𝑝 𝒙1, 𝒙2, ⋯ , 𝒙𝑇 , 𝒚1,𝒚2, ⋯ , 𝒚𝑇|𝜃          

= 𝑝(𝒙𝑡|𝒚𝑡)

𝑇

𝑡=1

𝑝(𝒚1) 𝑝(𝒚𝑡|𝒚𝑡−1)

𝑇

𝑡=2

 

Assume the sequence 𝒙1, 𝒙2, ⋯ , 𝒙𝑇 

The complete likelihood is given by: 

𝑙𝑛
 ln 𝑝 𝑿, 𝒀 𝜽 = ln 𝑝( 𝒚1 𝝁0, 𝑷0 + ln𝑝 𝒚𝑡 𝒚𝑡−1, 𝚨, 𝚪

𝑇

𝑡=2

 

+ ln𝑝(𝒙𝑡|𝒚𝑡 ,𝐖, 𝚺)

𝑇

𝑡=1

 

 

EM 
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𝐸
 E[ln 𝑝 𝑿, 𝒀 𝜽 ] 

Now we take the expectation with regards to Y|X 

E[ln 𝑝 𝑿, 𝒀 𝜽 ] = 𝐸[ln 𝑝( 𝒚1 𝝁0, 𝑷0 ] + 𝐸[ ln𝑝 𝒚𝑡 𝒚𝑡−1, 𝚨, 𝚪 ]

𝑇

𝑡=2

 

+𝐸[ ln𝑝 𝒙𝑡 𝒚𝑡 ,𝐖, 𝚺

𝑇

𝑡=1

] 

 

EM 
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To find 𝝁0, 𝑷0we need the first term only 

𝐸[ln 𝑝( 𝒚1 𝝁0, 𝑷0 ]

= −
1

2
ln 𝑷𝟎 − 𝐸

1

2
(𝒚1−𝝁0)

𝑻𝑷𝟎
−𝟏(𝒚1−𝝁0)  

𝝁0
𝑛𝑒𝑤 = E 𝒚1  

𝐏0
𝑛𝑒𝑤 = E 𝒚1𝒚1

𝑇 − E 𝒚1 E 𝒚1
𝑇  

 

Taking the derivative of the above and making equal to zero 

we get  

EM 
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To find 𝐴, Γwe need the second term only 

𝐸[ ln𝑝 𝒚𝑡 𝒚𝑡−1, 𝚨, 𝚪 ]

𝑁

𝑡=2

= −
𝑁 − 1

2
 ln |𝚪| 

−𝐸
1

2
 (𝒚𝑡−𝑨𝒚𝑡−1)

𝑻

𝑵

𝒕=𝟐

𝚪−1(𝒚𝑡−𝑨𝒚𝑡−1)  

𝑨𝑛𝑒𝑤 =  E

𝑇

𝑡=2

𝒚𝑡𝒚𝑡−1
𝑇  E

𝑇

𝑡=2

𝒚𝑡−1𝒚𝑡−1
𝑇

−1

 

𝚪𝑛𝑒𝑤 =
1

Ν − 1
 {𝐸 𝒚𝑡𝒚𝑡

𝑇 − 𝑨𝑛𝑒𝑤𝐸 𝒚𝑡−1𝒚𝑡
𝑇

𝑇

𝑡=2

− 𝐸 𝒚𝑡𝒚𝑡−1
𝑇 (𝑨𝑛𝑒𝑤)𝑇𝐸 𝒚𝑡−1𝒚𝑡−1

𝑇 (𝑨𝑛𝑒𝑤)𝑇}  

EM 
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𝐸  ln𝑝 𝒙𝑡 𝒚𝑡,𝐖, 𝚺

𝑇

𝑡=1

= −
𝑁

2
 ln Σ − 𝐸

1

2
 (𝒙𝑡−𝑾𝒚𝑡)

𝑻

𝑇

𝑡=1

𝚺−𝟏(𝒙𝑡−𝑾𝒚𝑡)  

To find C,W we need the third term only 

EM 
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𝑾𝑛𝑒𝑤 =  𝒙𝑡E

𝑇

𝑡=1

𝒚𝑡
𝑇  E

𝑇

𝑡=1

𝒚𝑡𝒚𝑡
𝑇

−1

 

𝚺𝑛𝑒𝑤 =
1

T
 {𝒙𝑡𝒙𝑡

𝑇 −𝑾𝑛𝑒𝑤E 𝒚𝑡 𝒙𝑡
𝑇

𝑇

𝑡=1

− 𝒙𝑡E 𝒚𝑡
𝑇 𝑾𝑛𝑒𝑤 + (𝑾𝑛𝑒𝑤)𝑇E 𝒚𝑡𝒚𝑡

𝑇 𝑾𝑛𝑒𝑤}  

Taking the derivative and forcing to zero we get 

EM 
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